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Nonlinear tribodynamics of an elastic shaft
with a flexible bearing outer race

Robert Turnbull1, Nader Dolatabadi1 , Ramin Rahmani1

and Homer Rahnejat1,2

Abstract
In this paper, a mathematical model of a rotor-bearing system is presented. The model includes modal elastodynamics of a

flexible rotor as well as the in-plane radial dynamics of the bearing with a flexible outer race. Elastodynamics of the flexible

shaft utilises a solution based on Green’s function to provide a computationally efficient approach. The flexible bearing outer

race is modelled using Timoshenko beam theory. The system model also includes detailed lubricated contact mechanics of

balls-to-races contacts with viscous friction. Therefore, the rotor-bearing analysis represents a detailed multi-physics tribody-

namics and modal elastodynamic responses of the system which closely represents broad-band vibration response of such

systems in practice, an approach not hitherto reported in the literature. It is also demonstrated that the outer race flexibility

changes the location of the stability orbital centres, as well as the spread of limit cycle vibrations. Furthermore, it accentuates

the occurrence of multiples of ball pass frequency. The importance of integrated system dynamics and lubricated contact

mechanics is highlighted, showing that although the elastodynamic response of the rotor’s flexible elements may not be

clear in the acquired vibration signal, its effect on energy efficiency of the system can be quite important.
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Introduction
Bearing supports are often the limiting factor for the per-
formance of any machine and mechanism which they are a
part. The key issues of concern with bearings are thermal
stability,1–3 wear and fatigue of rolling mating surfaces,4–8

and noise and vibration.9–12 During operation, the rolling
elements within a bearing undergo complex motions such
as rolling and sliding relative to the raceway grooves, as
well as convergence and separation of the bearing
rings.13 Therefore, use of a bearing dynamics model is a
prerequisite to any investigation of its performance,
such as reliability, structural integrity, fatigue, wear, and
operational efficiency.

Sunnersjö14 was one of the first to investigate the effect
of applied inertial forces using a two degree-of-freedom (2
DOF) bearing dynamics model. Rahnejat and Gohar15

improved on the work of Sunnersjö14 by including lubri-
cated balls-to-races contacts under various regimes of
lubrication. This was further extended by Aini et al.16 in
a 5 DOF ball-bearing model including radial, thrust, and
moment loading. For rolling element bearings, the effect
of roller tilting, yawing, and squeeze film motions as
well as lubricated contacts have been taken into account
by various researchers.17–20

Additionally, the lubricated contact of rolling elements
to races in bearings is often subjected to high shear,

resulting in generated heat and lubricant non-Newtonian
traction. Mohammadpour et al.21 extended the previous
lubricated contact dynamics analysis of Aini et al.16 to
include these effects in their bearing dynamics analysis
model. A recent detailed thermal model was also pre-
sented by Alfares et al.22

Another salient practical feature for modelling of shaft
and bearing systems is the flexibility of bearing rings or
the bearing housing which influences the dynamic per-
formance of shaft and bearing systems.23–27 The flexibil-
ity of the rotor itself also affects the rotor-bearing system
dynamics.28–31 In fact, there are a host of practical features
which may be incorporated in bearing dynamic analysis.
Consequently, there has been a plethora of research in
the area of rolling element dynamics, with most focusing
on certain specific aspects.

This paper presents a 2 DOF bearing dynamics model,
which integrates the transient elastodynamic response of
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the bearing’s flexible outer race with elastohydrody-
namics of balls-to-races contacts. In this manner, both
the localised Hertzian deflection and global elastic
deformation of the bearing’s outer ring are taken into
account. The outer race of the bearing is considered an
elastic thick complete circular ring, because in practice
the radius-to-width ratio of the outer ring is less than 10
and according to Chidamparam and Leissa32 this requires
the use of a Timoshenko beam model. Therefore, elasto-
dynamics of the flexible ring is based on Timoshenko
(or Timoshenko–Ehrenfest) thick ring theory,33 thus
including the effect of rotational bending and shear
deformation. The numerical solution of full-bearing
dynamics with a flexible ring is quite time-consuming.
Consequently, an analytical model for the elastodynamic
response of the shaft is developed, which is based upon
Green’s function approach. Therefore, realistic elastody-
namics of a flexible rotor-bearing system with
non-Newtonian piezo-viscous lubricated contacts is pre-
sented, an approach not hitherto reported in the literature.

Model description

Rotor-bearing model
Figure 1(a) is a schematic representation of an elastic rotor
supported by a pair of deep groove ball bearings.
Figure 1(b) shows a deep groove ball bearing, where the
instantaneous dynamic load carried by the ball comple-
ment is determined by the lateral excursions of the shaft
centre from that of the support bearings in the transversal
radial x and y directions.

For the 2 DOF bearing dynamics model the following
assumptions are made:

1. The inner and outer bearing races are considered to be
perfectly circular.

2. The balls are considered to be perfectly spherical and
have identical diameters (i.e., there are no off-sized
rolling elements).

3. The balls are considered to be massless compared with
the supported shaft and bearing rings and remain equi-
pitched around the bearings.

4. Bearings are subjected to radial transverse loading
only.

5. Thermal effects are neglected (these will affect dimen-
sional stability, interference fitting and preloading of
the bearing,1–3 as well as lubricant rheology in the
contact).34

These assumptions lead to a 2 DOF bearing model
described in the study by Rahnejat and Gohar15,35 for a
radial deep groove ball bearing. The equations of
motion become:

Mẍ =
∑m
i=1

(−Wi cos θi)−Mg + Fx (1)

Mÿ =
∑m
i=1

(−Wi sin θi)+ Fy (2)

where Fx and Fy are any externally applied forces in
the x and y directions, respectively. M denotes the shaft
mass, θi is the instantaneous circumferential angular
position of the i-th ball around the raceway, and Wi is
the corresponding instantaneous contact load, acting
radially towards the centre of the bearing. The
balls-to-races contact reactions are determined by the
Hertzian contact theory as:

Wi = Kδn
′

i (3)

where K is the contact stiffness nonlinearity, δi is the
localised Hertzian contact deflection for the i-th ball,
and Wi is the corresponding contact reaction. The expo-
nent n′ is 1.5 for a ball bearing and 1.11 for a cylindrical
rolling element bearing.7,35

The localised contact deflection of the i-th ball, δi, is
obtained as15,35:

2δi = 2(hi − C)+ x cos θi + y sin θi (4)

where x and y are the movements of the bearing centre
corresponding to the instantaneous circumferential orbital
position of the i-th ball, θi. C is the radial clearance and hi
is the lubricant film thickness. The deflection is further
modified including the effect of the flexible outer ring’s
global radial deflection at any contact location, ui

25:

2δi = 2(hi − C)+ x cos θi + y sin θi + ui (5)

The combined contact stiffness nonlinearity, K, of any
of the ball-to-inner and ball-to-outer races contacts are
determined as36,37:

Kl =
������
e

λ3l
κC

√
, l ∈ {1, 2} (6)

where 1 denotes the contact with the inner race and 2
for the outer race. κC is the elastic proportionality con-
stant36:

κC = 8

3

E1E2

E1(1− ν22)+ E2(1− ν21)
(7)

where E and ν are Young’s modulus of elasticity and
Poisson’s ratio for contacting bodies. In addition, the
curvature sum for the ball-to-the inner and ball-to-outer
raceways is37:

e = 4

R−1
1 + R′

1
−1 + R−1

2 + R′
2
−1 (8)

where R1 and R2 are the radii of curvature of the rolling
element in the zx and zy planes of contact (z denotes the
direction of the contact normal). Clearly, for a ball
bearing R1 = R2, and the radii of curvature of the inner
and outer raceways are R′

1 and R′
2, respectively. λ is the

contact footprint ellipticity ratio and α and β are
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transcendental functions of the angle ψ , all of which are
provided in Table 125,36:

The effective contact stiffness for a ball-to-races con-
tacts becomes:

K = 1

K−2/3
1 + K−2/3

2

( )3/2

(10)

The maximum Hertzian contact pressure for the i-th
contact becomes38:

p0i = 3Wi

2πaibi
(11)

where the semi-major and semi-minor half-widths for
the elliptical point contact footprint are, respectively:

ai = α
Wie

κC

( )1
3

(12)

bi = β
Wie

κC

( )1
3

(13)

To determine the film thickness for lubricated contacts
of the balls to raceway grooves one can use an extrapo-
lated oil film thickness equation as initially shown in
Rahnejat and Gohar.15 These expressions are obtained
by regression of many numerically predicted results
based on the variation of a number of dimensionless para-
meters which represent a broad range of representative
operating conditions in contacts subject to EHL. In the
current study, the expression obtained by Hamrock and
Dowson39 is used:

H∗
ci=2.69U∗0.67G∗0.53W ∗−0.067[1− exp (−0.73λ)]

(14)

Figure 1. (a) Overview of rotor system, (b) 2 degree-of-freedom deep groove ball bearing dynamic model.

ψ = cos−1 − e

4

�������������������������������������������������������������������
1

R1
− 1

R′
1

( )2

+ 1

R2
− 1

R′
2

( )2

+ 2
1

R1
− 1

R′
1

( )
1

R2
− 1

R′
2

( )
cos 2ϕ

√⎡
⎣

⎤
⎦ (9)
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whereH∗
ci is the dimensionless central contact lubricant

film thickness:

H∗
ci=

hi
Rx

(15)

in which: R−1
x = R−1

1 + R′−1
1 .

The dimensionless parameters in equation (14) are:

U∗= η0U

E′Rx
, W ∗

i =
Wi

E′R2
x

, G∗=αpE
′, λ = ai

bi
(16)

where η0 is the lubricant dynamic viscosity, U is the
velocity of lubricant entrainment into the contact, αp is
the lubricant piezo-viscosity coefficient, and λ is the ellip-
ticity ratio. The reduced plane strain modulus of elasticity
of the contacting pair, both made of the same material
(cobalt-chromium bearing steel), is: E′ = E / (1− v2).

Having obtained the lubricant film thickness for all the
balls-to-races contacts, the viscous shear stress in all con-
tacts can be obtained as Gohar and Rahnejat38:

τi = ηiΔu
hi

(17)

where for the assumed isothermal solution in the
current analysis the effective lubricant viscosity in the
i-th ball’s contact is adjusted for the mean contact pres-
sure, pm using Roelands40:

ηi = η0 exp ln
η0
ηr

( )
1+ pmi

pr

( )Z0

− 1

[ ]{ }
(18)

where for the i-th contact the mean contact pressure is:

pmi = 2

3
p0i (19)

Friction is mainly generated by sliding in the contact,
promoting viscous shear of the lubricant. The sliding vel-
ocity Δu in equation (17) is the relative speed of the balls
to the races as the rolling elements roll and slide relative to
the races due to the existence of a curvilinear ellipse in
space.41 As the balls remain equi-pitched, the sliding vel-
ocity for all contacts is assumed to be the same, ignoring
any microslip conditions. For a deep groove radial ball
bearing, the sliding velocity is41:

Δu = us
2

1+ R

R′
1

( )
(20)

where us is the surface speed of the inner race, assumed
to be the same as that of the rotor surface.

The shear stress in equation (17) is under Newtonian
shear of the lubricant. With increased contact load and

contact sliding, the lubricant traction may exceed the
Eyring shear stress,42 where the lubricant behaviour is
termed non-Newtonian. Thus43:

τi = τ0 + εpm (21)

where ε is the slope of the lubricant limiting shear
stress with changes in pressure. This may be obtained
for a lubricant through traction measurement procedures
using, for example, a disc machine. In the current study:
ε = 0.08.

Assuming smooth contacting surfaces, friction is
mainly generated by the viscous shear of the lubricant.
Thus, for the i-th elliptical point contact38:

Ffi = πaibiτi (22)

and the associated instantaneous power loss becomes:

Pli = F fi
Rio

fsh
(23)

where fsh is the shaft rotational frequency and Rio is the
inside radius of the outer race.

The total bearing power loss is:

P =
∑
i

Pli (24)

Elastodynamics of the rotor
The flexibility of the supported rotor is included in the 2
DOF system dynamics model. It is assumed that the
shaft is free at both ends and subjected to excitation
forces at the bearing supports. The equation of motion
for such an elastic shaft is given as:

ρA
∂2ue(z, t)

∂t2
+ EI

∂4ue(z, t)
∂z4

= fe(z, t) (25)

where ue is the local lateral shaft deflection, z ∈ [0, l] is
the position along the shaft, t is time, fe is the applied exci-
tation force per unit shaft length, E is Young’s modulus of
elasticity, ρ is the shaft material density, I is the second
moment of area of the shaft cross-section with respect to
the lateral axis, and As is the cross-sectional area of the
shaft. The analytical closed-form solution for the shaft
vibration is given as44:

ue(z, t) = ∂
∂t
∫
l

0
f0(ξ)G(z, ξ, t)dξ

+ ∫
l

0
g0(ξ)G(z, ξ, t)dξ

+ ∫
t

0
∫
l

0
ae(ξ, ζ)G(z, ξ, t − τ)dξdζ (26)

Table 1. Contact mechanics parameters.25,34,35

ψ 0◦ 10◦ 20◦ 30◦ 35◦ 40◦ 45◦ 50◦ 55◦ 60◦ 65◦ 70◦ 75◦ 80◦ 85◦ 90◦

α ∞ 6.612 3.778 2.731 2.397 2.136 1.926 1.754 1.611 1.486 1.387 1.284 1.202 1.128 1.061 1.00

β 0 0.319 0.408 0.493 0.530 0.567 0.604 0.641 0.678 0.717 0.759 0.802 0.846 0.893 0.944 1.00

λ - 0.851 1.220 1.453 1.550 1.637 1.709 1.772 1.828 1.875 1.912 1.944 1.967 1.985 1.996 2.00
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where f0 and g0 are the initial conditions in terms of
deflection and velocity profiles of the shaft, and ae =
fe / (ρA) is the excitation acceleration. For a shaft with
free-free boundary conditions, where:

∂2ue
∂z2

(0, t) = ∂3ue
∂z3

(0, t) = ∂2ue
∂z2

(l, t)

= ∂3ue
∂z3

(l, t) = 0 (27)

the Green’s function becomes:

G(z, ξ, t) = t

l
+ 3t

l3
(2z− l)(2ξ− l)

+ 4

cl

∑∞
n=1

φn(z)φn(ξ)

λ2nφ
2
n(l)

sin (λ2nct (28)

where c = ��������
EI / ρA

√
and:

φn(z) = (sinh λnl − sin λnl)(cosh λnz+ cos λnz)

− (cosh λnl − cos λnl)(sinh λnz+ sin λnz)

(29)

in which, λn = ψn / l, where ψ1 = 1.875, ψ2 = 4.694,
and for n ≥ 3, ψn = π(2n− 1) / 2.

One of the advantages of using this approach over
the conventional modal analysis method is that it sim-
ultaneously provides the natural frequencies and mode
shapes. Note that the first two terms in the expression
for the Green’s function are associated with the zero
eigenvalue with two orthogonal functions 1 and
(2z− l).

The applied force for the rotor shown in Figure 1 has
the following general piecewise profile:

fe(z, t) =

0 z ∈ [0, l1)
f1(t) z = l1
0 z ∈ (l1, l2)
f2(t) z = l2
0 z ∈ (l2, l]

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(30)

where f1(t)is the reaction of bearing 1 at position z = l1,
f2(t)is that for bearing 2 at position z = l2, and lis the length
of the shaft. The advantage of using Green’s function
approach is that it allows the inclusion of a wide range of
loading conditions, such as unbalanced forces. This is
because it provides a closed-form solution for a flexible
shaft subjected to a generalised force profile. Assuming that
thebearings are locatedat bothendsof the shaft, thefinal solu-
tion for the shaft vibration becomes:

where δd is the Dirac delta function and ξ and ζ are inter-
mediate spatial and temporal integration variables. Equation
(31) is obtained from equation (26) by replacing Green’s
function from equation (28) and performing the differenti-
ation and integration associated with the initial conditions
(i.e., the terms that include f0 and g0). In addition, since
the load is applied at specific points along the shaft, the
Dirac delta function has been used to introduce the load
in the solution. This allows for switching the load terms
when the integration process involves a desired point.

In-plane elastodynamics of the bearing outer race
The global modal deflection of an outer flexible bearing
ring is included in the 2 DOF bearing dynamics model
(i.e., ui in equation (5)). The outer bearing ring is consid-
ered a thick complete circular elastic ring. An in-depth

ue(z, t) = f0 1+ 4

l

∑∞
n=1

φn(z) cos(λ2naet)
λnφ2

n(l)
[(sinh λnl − sin λnl)2 − (cosh λnl − cos λnl)2]

{ }

+ g0 t + 4

ael

∑∞
n=1

φn(z) sin(λ2naet)
λ3nφ

2
n(l)

[(sinh2λnl − sin2λnl) − (cosh λnl − cos λnl)2]
{ }

+ ∫
t

0
∫
l

0
[ f1(t)δd(ξ− l1) + f2(t)δd(ξ− l2) + f3(t)δd(ξ− l3)]

×
t

l
+ 3t

l3
(2z− l)(2ξ− l) + 4

ael

∑∞
n=1

φn(z)φn(ξ)
λ2nφ

2
n(l)

sin(λ2nae(t − ζ))
{ }

dξdζ (31)

Turnbull et al. 5



study of a bearing race as a thick ring and its integration
with the bearing dynamics is shown in Kerst et al.25 In
this study the approach for a single ball bearing demon-
strated in Kerst et al.25 is expanded for a rotor system
that includes two ball bearings separated by a flexible
shaft. Each of the ball bearings are modelled to include
the in-plane vibrations within the 2 DOF bearing dynamics.

The coupled in-plane equations of motion for a thick
ring segment representing the outer race of a ball
bearing, including shearing deformation and rotary
inertia are obtained as45:

κsAoGs

Ro

∂2u

∂θ2
+ ∂w

∂θ
− Ro

∂ϕ
∂θ

( )
+ EAo

Ro

∂w
∂θ

− u

( )
+ frRo

= ρoAoRo
∂2u
∂t2

(32)

EAo

Ro

∂2w

∂θ2
− ∂u

∂θ

( )
− κsAoGs

Ro

∂u
∂θ

+ w− Roϕ

( )
+ pcRo

= ρoAoRo
∂2w
∂t2

(33)

EI1
Ro

∂2ϕ

∂θ2
+ κsAoGs

∂u
∂θ

+ w− Roϕ

( )

= ρoI1Ro
∂2ϕ
∂t2

(34)

where Ao is the cross-sectional area of the thick outer
bearing ring, Ro is its nominal radius, I1 is the second
area moment of inertia of the ring’s cross-section, E is
the Young’s modulus of elasticity of the ring’s material,
Gs is the shear modulus, ρo is the material density, κs is
the shear correction factor, fr is the applied radial force,
and pc is the force applied circumferentially. The instant-
aneous radial global ring deflection is u, and w is its cir-
cumferential deflection. The global ring deflection is
input into equation (5). Details of the numerical solution
of the governing elastodynamic equations for the elastic
beam using a finite difference method (FDM) is outlined
in the Appendix.

Method of solution
Two multi-physics models are utilised in the current ana-
lysis. The first model (the rigid bearing ring model) includes
a 2 DOF bearing dynamics model with a flexible rotor. This
model assumes that the bearing races are rigid. The second
model (the flexible ring dynamics model) removes the
assumption of a rigid outer raceway by including the elasto-
dynamics of a flexible outer race. The solution procedure is
depicted by the flowchart of Figure 2.

Results and discussion

Rotor model validation
The specifications of the rotor-bearing system are listed in
Table 2. All the balls-to-race contacts are assumed to
remain in compression throughout the balls’ orbital motion,
thus guarding against a number of undesired phenomena
such as ball skewing, rattling and balls-cage collisions. The
radii of curvature of the raceway grooves provide a contact
conformity of 7%and an angle of 45◦ using the relations pro-
vided inModel description section. The number of balls for a
moderately packed arrangement is Z = 12.

The component-level predicted response frequencies for
the flexible shaft and the flexible bearing outer raceway
are first obtained prior to the determination of system level
(i.e., the rotor dynamics) analysis. The predicted frequencies
for the flexible shaft are compared with the analytical flexible
vibration frequencies given by Rao45 as:

ω = (β′l)2
������
EI

ρAsl4

√
(35)

where β′l values are 4.6940, 7.8540, 10.9956, and 14.1372
for the first four flexible modes as indicated in equation (29)
(see Table 3).

Figure 2. Solution procedure.
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For a thick flexible ring, the vibration frequencies are
given by Rao45 as:

K2
2 (−n2S22S1 − S22S1)

+ K2(n
4S2 + n4S2S1 − 2S2n

2 + n2S2S1 + n2 + S2 + 1)

+ (−n6 + 2n4 − n2)

= 0

(36)

where

K2 = ρAR4

EI1
ω2, S1 = E

κG
, S2 = I1

AR2
(37)

The predicted numerical results are compared with
their analytical counterparts in Table 4.

The results obtained for both the flexible shaft
(Table 3) and the flexible bearing outer ring dynamics
(Table 4) show excellent agreement with the calculated
analytical frequencies in Rao.45

The next stage in model validation is comparison with
the numerical work of Matsubara et al.28 In this case, the
rotor system comprises a flexible shaft, bearing supports,
and a rigid outer raceway, subjected to a sinusoidal load of
60 N magnitude at its ends. The resonant frequencies of
the rotor are presented alongside the predictions provided
by Matsubara et al.28 Good agreement is found between
the predictions of the current model with those in
Matsubara et al.28 as shown in Table 5. It is noted that
the model proposed by Matsubara et al.28 utilised a piece-
wise linear approximation of the ball-race contact spring
non-linearity in the bearing. In the current model the
need for a piece-wise linear approximation has been elimi-
nated. Therefore, the current model predicts frequencies
that are similar to the model presented by Matsubara
et al.28 with differences predominantly caused by the
piece-wise linear approximation in Matsubara et al.28

Nonlinear effects induced by a flexible outer ring
Simulations are carried out at a constant rotational fre-
quency of 13.3 Hz (cage frequency). The dynamic
responses of the rotor are compared for the rigid ring
and flexible ring models of the bearings. To identify the
impact of ring flexibility on rotor dynamics, the system
responses are investigated using time histories, phase-
plane diagrams, and Fast Fourier Transformation (FFT).
Figure 3(a) and (b) shows the variations in the shaft displa-
cements with rigid and flexible bearing outer rings in the
vertical, x- and horizontal transverse y-directions, respect-
ively. Ring flexibility mainly affects the displacements in
the x-direction (Figure 3(a)). The slower oscillations
follow the shaft rotational frequency in both directions.
A protuberance appears near the minimum response amp-
litude in the x-direction for both cases due to the interac-
tions of the rolling elements with the flexible ring and
shaft. The fast oscillations of the shaft undergo noticeably
larger amplitudes in the vicinity of this protuberance, indi-
cating greater interactions between the flexible ring and
shaft responses in this region. In the y-direction
(Figure 3(b)), the amplitude of the rapid oscillations is
rather negligible in comparison to that of slow oscillations.

Table 3. Shaft modal response frequencies below 90 kHz.

Mode

Results from45

(Hz)

Current shaft Model

(Hz)

Error

(%)

2 9326 9297 −0.31
3 25907 25936 0.11

4 50778 50799 0.04

5 83939 83989 0.06

Table 4. Flexible bearing outer ring modal frequencies below

90 kHz.

Mode

Results from45

(Hz)

Current ring model

(Hz)

Error

(%)

2 3626 3671 1.24

3 9899 9867 −0.32
4 18144 18023 −0.67
5 27876 27656 −0.79
6 38710 38382 −0.85
7 50347 49901 −0.89
8 62564 61987 −0.92
9 75197 74472 −0.96
10 88125 87229 −1.02

Table 2. Rotor-bearing system specifications.

Parameter Value Unit

Bore 40 mm

Inner race diameter 50 mm

Pitch diameter 56.3 mm

Outer race inner diameter 75.4 mm

Outer race outside diameter 83.7 mm

Width 23.4 mm

Radial clearance 5 mm

Young’s modulus of bearing material 210 GPa

Poisson’s ratio of bearing material 0.3 -

Number of rollers 12 -

Ball diameter 12.7 mm

K 13.509 GN / m1.5

Shaft length 140 mm

Shaft diameter 40 mm

Shaft mass 140 kg

Lubricant dynamic viscosity at 60°C 0.08 Pa.s

Piezo-viscosity coefficient at 60°C 1.44 x10−8 Pa−1

Table 5. Flexible rotor frequency response compared with

Matsubara et al.28

Mode

Matsubara et al.28

(Hz)

Current analysis

(Hz)

Error

(%)

1 1300 1376 5.85

2 9800 9220 −5.92
3 (-) 25871 (-)

4 50500 50839 0.67

Turnbull et al. 7



The variations in the shaft velocity are largely influ-
enced by the fast oscillations in both directions
(Figure 3(c) and (d)). The velocity for the case of an
assumed rigid ring shows marginally larger variations in
the x-direction. The lower velocities for the case of a flex-
ible ring are due to a small increase in the amplitude of
displacements of the shaft, which has a larger excursion
at the same rotational frequency. The fast variations of
the velocity amplitudes in the x-direction are constrained
by a slow frequency envelope related to the shaft rotation.
The envelope wave in the y-direction fluctuates at twice
the shaft rotational frequency (Figure 3(d)). A spike
appears at around 0.075 s when the shaft undergoes

maximum displacement in the x-direction (Figure 3(d)).
At this position, the interference between the shaft and
rolling elements reduces and the rolling elements-to-races
contact loads attain their minimum value. Hence, the
spike can be related to a sudden transition of the shaft
over the rolling element bearings. In the y-direction, the
rigid and flexible ring models are largely identical due
to the fact that the shaft is unloaded in this direction.

The transverse x-y displacement plot of the bearing
centre with and without a flexible outer ring is shown in
Figure 4. The results in this figure show a slight increase
in the amplitude of vibrations for the flexible bearing outer
ring. This is due to the deflection of the flexible ring,
causing waviness of its surface, affecting the contact of
the ball complement in their orbital motion. In turn, this
increases vibration of the shaft centre as an excursion
from the geometric centre of its bearing support.

The stability of the shaft vibrations is studied through
phase-plane diagrams. The cloud representation of the
phase-displacement diagram is shown for the shaft vibra-
tions using the assumed rigid bearing outer ring model
(Figure 5). The shaft is located at the maximum and
minimum amplitudes in the x direction in the regions
(A) and (C), respectively (Figure 5(a)). Region (B)
shows the shaft transitions between the regions (A) and
(C). The phase-displacement diagram shows multiple
limit cycle trajectories (cloud cyclone). The behaviour
of these trajectories conforms to the findings in the time
histories of shaft vibrations. Centre of each limit cycle

Figure 3. Comparison of shaft vibration time histories for a rigid and a flexible bearing outer ring model: (a) vertical displacement, x,
(b) horizontal displacement, y, (c) vertical velocity, dx/dt, and (d) horizontal velocity, dy/dt.

Figure 4. x–y displacement diagram of shaft centre with rigid

and flexible bearing rings models.
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represents the point of stability with respect to the centre
of the shaft cross-section at each position. The limit cycles
about these centres are associated with the flexible shaft
vibrations. These centres, however, displace with the
rigid body motion of the shaft. Hence, the limit cycles
are spread in the x-direction. The shaft has a minimum
energy level in the region (A). Therefore, the cloud limit
cycle shows a smaller spread/domain. In region (C), the
flexible shaft vibrations and their interaction with the
orbital motion of the rolling elements are significant,
increasing the excitation energy. Hence, the limit cycles

fluctuate with a larger spread. This behaviour indicates
that the shaft is less stable when it modulates with the
motion of the rolling elements. The limit cycle near xr =
−2.18 μm is associated with the protuberance signature in
the time history. The limit cycles merge in this region due
to an increase in the amplitude contribution from the
higher frequency vibrations. During the transition in
region (B), these limit cycles are distinctively spaced at
regular intervals. Similar trends can be observed in the
y-direction oscillations (Figure 5(b)). At the maximum x
position (region (A)), the shaft is largely stable in the

Figure 5. Phase-displacement cloud diagrams of shaft vibrations with rigid ring: (a) vertical components, dxr/dt-xr, (b) horizontal
components, dyr/dt-yr.

Figure 6. Phase-displacement cloud diagrams of shaft vibrations with flexible ring: (a) vertical components, dxe/dt-xe, (b) horizontal
components, dye/dt-ye.
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y-direction. A sudden spike disturbs the shaft during tran-
sition through the neutral position: yr = 0. The vibrations
in the y-direction are less stable between regions (A) and
(B). As the shaft displaces toward the minimum x position
(reversal at region (B) toward region (C)), the size of the
limit cycles reduces rapidly in the y-direction. However, a
larger excitation immediately disturbs the shaft near
yr = 0. This behaviour is symmetric about yr = 0 and
seems to be due to a greater interaction/modulation
effect between shaft and bearing rolling elements. Such
phenomena observed in practice are often referred to as

chaotic vibration of bearing supports and are often asso-
ciated with some loss of preload or changes in interference
fit. In the y-direction, the shaft has a generic stability
around yr = 0 and the local stability points during the
transition of the limit cycles.

Figure 6 shows the phase-plane diagrams for the flex-
ible bearing outer ring model. The behaviour of the shaft
in this flexible model is largely similar to that of an
assumed rigid shaft. In the x-direction, the transition
regions are stretched, indicating larger displacements.
The limits of regions (A) and (C) are also displaced to

Figure 7. Spectrum of shaft vibrations in the band: 0–100 kHz: (a) rigid ring and (b) flexible ring.
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lower xe values due to the elastic deflection of the flexible
ring. Hence, the stability points are somewhat shifted. The
amplitudes of variations in velocity are slightly reduced
for the case of a flexible outer bearing ring. Although
the overall energy of the shaft has increased and its
rigid motion is less stable, the modal vibrations due to
shaft flexibility are slightly more stable than those for a

rigid outer bearing ring. Clearly, as expected some
energy is consumed in elastic deformation of flexible
members which remains to accentuate vibrations in the
case of assumed rigid members.

Time history and phase-displacement diagrams clearly
show the large-scale displacement and stability behaviour
of the rigid and flexible ring models. However, these are

Figure 8. Spectrum of shaft vibrations in the band: 0–5 kHz and the zoomed-in views between 0 and 0.5 kHz: (a) rigid ring and (b)

flexible ring.
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insufficient to provide detailed differences between the
responses of the two models. Hence, fast Fourier trans-
formation is carried out. Spectra response of shaft vibra-
tions are compared for the rigid ring and flexible ring
models (Figure 7). The first five mode shapes of the
elastic shaft are included in the simulations. The first
mode represents the rigid mode of the shaft and modes
2–5 are related to its elastodynamic responses. The fre-
quency content due to shaft modal vibrations is identical
between the rigid and flexible ring responses. In both
cases, the shaft modal frequencies are the main contribu-
tors to the spectra f is , where i = 1, 2, . . . , 5. The second
and third significant contributors are the side-band

responses at f is ± f 1s and f is ± f 2s . These side-band fre-
quencies show the interaction of higher shaft modal fre-
quencies with the first (rigid) and second (first flexible)
mode shapes. Side-band responses due to higher modal
frequencies of the shaft are either infrequent or fairly
negligible, for example, 2f 1s and f 5s − f 4s . These higher
modal vibrations are largely masked by the shaft vibra-
tions due to the presence of outer bearing ring flexibility
(Figure 7(b)).

To better understand the root cause of the noise signa-
tures in the flexible ring model, initially, the response
spectra is investigated in the lower frequency range: 0–
5 kHz (Figure 8). This frequency domain is selected

Figure 10. (a) Minimum film thickness and (b) friction for a ball in a single orbital motion.

Figure 9. Influence of ring flexibility on amplification of higher orders of ball-pass frequency, nfb, and its interactions with the first rigid

mode of shaft, fs
1.
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because it only includes the first rigid mode of the shaft f 1s
and its harmonic: 2f 1s . A zoomed-in window at the start of
the vibrations is also provided to present a more detailed
behaviour of the initial responses. In both models, the
vibrations are initiated at the bearing cage response
(fc = 13.3 Hz):

fc = fsh
2

1− db cosϕ

DP

( )
= 13.3 Hz (38)

where fsh is the shaft rotational frequency,ϕ is the contact
angle. For a radial deep groove ball bearing ϕ = π / 2.

The higher orders of cage response largely disappear at
higher shaft vibration frequencies near 5 kHz. Another
key bearing induced response is the ball-pass frequency
(fb = 159.6 Hz):

fb = Zfc = 159.6 Hz (39)

This spectral contribution is inherent in rolling element
bearing response due to changes in the dynamic stiffness
as the ball complement undergoes its orbital motion. This
effect is termed variable compliance effect.9,14,15,41,46 The
modal responses of a flexible bearing ring exacerbate the
variable compliance effect. These observed effects are
similarly amplified across the low to high-frequency
ranges (0–100 kHz) (Figures 7(b) and 8(b)). Figure 7(b)
clearly shows contributions at multiples (harmonics) of the
ball-pass frequency occurring regularly in the spectrum. To
investigate these responses, a frequency range between 31
and 39 kHz is randomly selected (Figure 9). Additional fre-
quency content clearly follows the multiples of the ball-pass
frequency. These higher harmonics and their modula-
tions with other spectral contents are always present in
the rotor-bearing as shown in the acquired vibration
spectra,10,11,41,47–49 or in the various reported dynamic
analyses.14–16,21,25,35,50,51 The fluctuations in the amplitudes
of these frequencies occur at the rigid body modal
frequency of the shaft (f 1s ). The zoomed-in view of the

n-th order of the ball-pass frequency suggests that additional
vibrations can take place at the side-band frequencies
related to the interactions with the multiples of the cage
frequency.

Assessment of bearing performance
There have been very few lubricated bearing dynamics
models15,16,21,52,53 as this adds to the complexity of the
analysis. However, incorporating lubricated contact
dynamics into the analysis makes for realistic conditions,
mimicking actual practice. In the current analysis, smooth
rolling surfaces are assumed with sufficient radial interfer-
ence so that the predominant regime of lubrication in the
balls-races contacts remains elastohydrodynamic. With
high loads and shear the lubricant can undergo
non-Newtonian behaviour as described in section 2.1.
Figure 10(a) shows the lubricant film thickness variation
in a ball-race contact for a cage cycle for both cases of
an assumed rigid as well as a flexible outer race. There
is a reduction in the lubricant film thickness owing to
the elastodynamics of the flexible bearing ring, constrain-
ing the gap in the contacts. Although the reduction in the
film thickness is only very marginal, it increases the
viscous contact friction as shown in Figure 10(b).

The overall effect of increased viscous friction is an
increase in the overall frictional loss from the bearing as cal-
culated using equation (24). This increased cyclic bearing
frictional loss is shown in Figure 11. Friction is mainly gen-
erated by viscous shear of the lubricant and the sliding vel-
ocity of the balls to the races as the rolling elements roll and
slide relative to the races due to the existence of a curvilinear
ellipse in space.41 The ring flexible elastodynamics influ-
ences the motions of the races and, therefore, the contact
friction. There are many bearing cycles (cage rotations) in
any application with 90–95% of all machines and mechan-
isms making use of rolling element bearings. Therefore,
bearing losses occur as the result of elastodynamics of

Figure 11. Predicted power loss.
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bearing supports, which contribute to energy consumption
and inefficiency of the machines worldwide.54 It should
be noted that rolling element bearing power losses are sig-
nificantly lower than that of other forms of bearings and con-
tacting pairs such as gears.

Concluding remarks
There has been a plethora of studies of rotor-bearing
systems. These have included various important features,
among many, in their analyses. However, very few studies
have included the effect of rotor structural flexibility with
lubricated contact dynamics including flexible outer race
or housing. The current paper’s main claim to originality
resides in the integration of these practical aspects in
rotor-bearing dynamics. The noted broad spectral
response in vibration monitoring, not often presented in
dynamic analysis, is obtained in much detail here. The
combined investigation of shaft vibrations through time
history, stability phase-displacement diagrams and FFT
graphs clearly highlight the main shaft contributions and
the secondary noise effects, originated from the ring flexi-
bility on the nonlinear and transient vibrations of the flex-
ible shaft. Ring flexibility has less impact in the shaft
stability. However, it changes the location of the stability
centres and spread of limit cycle vibrations. Moreover,
ring flexibility amplifies the multiples of ball pass fre-
quency even in the highest spectral region. These higher
harmonics of ball pass frequencies induce cage responses
in the form of side-band signatures, which would other-
wise disappear at higher frequencies for the rigid ring
model. Thus, including the elastodynamics of the rotor
elements in the system vibration analyses would allow
the identification of root causes of the noise and vibration
in the system. Furthermore, it is shown that although the
vibration signatures of such elements may not be clear
in an acquired signal, their effect on the system energy
efficiency can be quite significant. Therefore, shaft-
bearing system vibration in its broad spectral response
should be studied with the presence of lubricated contacts
and frictional energy dissipation considerations. This
detailed analysis shows that system dynamics and lubri-
cated contact mechanics are closely intertwined and
affect the overall system performance.
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Nomenclature

Roman symbols
Ao cross-sectional area of outer elastic outer bearing

ring
As cross-sectional area of elastic shaft/rotor
a, b contact footprint semi-major and semi-minor

half-width
ae excitation acceleration
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c shaft’s constant
C radial clearance
Dp pitch circle diameter of the bearing
db ball diameter
E Young’s modulus of elasticity
E′ effective Young’s modulus of elasticity of the

contact
e curvature sum of the contacting profiles
F externally applied bearing forces
Ff friction
f0 initial deflection of the shaft
f1, f2 reactions of support bearings 1 and 2
fb ball-pass frequency
fc cage rotational frequency
fe excitation force per unit length of shaft
fr applied radial force on the bearing outer race
fsh shaft rotational frequency
f is modal response frequencies of elastic shaft, i =

1, 2, . . . (i = 1: rigid mode)
G Green’s function
G∗ dimensionless materials’ parameter
Gs shear modulus of elasticity
g0 initial velocity of shaft
H∗

c dimensionless central contact lubricant film
thickness

h lubricant film thickness
I second area moment of inertia
K effective contact stiffness for ball-to-races

contacts
Kl combined contact stiffness at each raceway

(l = 1, 2)
l length of shaft
l1, l2 position of support bearings 1 and 2
M shaft mass
m Harmonics of cage frequency
n Harmonics of ball-pass frequency
P total bearing power loss
p0 maximum Hertzian contact pressure
pc applied force in the circumferential direction of

the bearing outer race
pl instantaneous power loss
pm mean contact pressure
R radius of curvature of surface profile
Rio inner radius of the outer bearing race
Ro radius of the outer race
t time
U speed of lubricant entraining motion
U∗ dimensionless rolling viscosity parameter
u instantaneous radial global deflection of outer

ring
ue lateral deflection of shaft
us surface speed of inner race/rotor
W instantaneous contact load
W ∗ dimensionless load parameter
w instantaneous circumferential deflection of outer

ring
x, y, z Cartesian coordinates
xe, ye radial excursions of an elastic ring

xr, yr radial excursions of a rigid ring
Z number of rolling elements
Z0 lubricant piezo-viscosity index

Greek symbols
α, β transcendental functions of contact angle
αp lubricant piezo-viscosity coefficient
δ localised Hertzian contact deflection
δd Dirac delta function
ε slope of lubricant limiting shear stress with pressure
ζ intermediate temporal variable
η effective lubricant viscosity
η0 lubricant dynamic viscosity
θ instantaneous circumferential angular position
κc elastic proportionality constant
κs shear correction factor
λ ellipticity ratio of contact footprint
ν Poisson’s ratio
ξ intermediate spatial variable
ρ density of shaft material
ρo density of bearing outer ring material
τ viscous shear stress
τ0 characteristic shear stress
φ shaft/rotor modal shape function
ϕ contact angle
ψ auxiliary angle
ω response frequencies of flexible shaft

Abbreviations
DOF Degrees of Freedom
EHL Elastohydrodynamic Lubrication
FDM Finite Difference Method
FFT Fast Fourier transformation

Appendix
Discretisation of equations (32)-(34) provides the mass and
stiffness matrices for the in-plane ring dynamic behaviour.

The in-plane inertial forces for a circumferential pos-
ition i, representing instantaneous point of contact of the
i-th ball take the form:

Mu 0 0
0 Mw 0
0 0 Mϕ

⎡
⎣

⎤
⎦ ü

i

ẅi
ϕ̈
i

⎡
⎣

⎤
⎦ (A1)

Hence, the mass matrix [ M ip ]:

M ip =
Mu 0 0
0 Mw 0
0 0 Mϕ

⎡
⎣

⎤
⎦ (A2)

where the mass matrix constants are:

Mu = ρAR (A3)

Mw = ρAR (A4)

Mϕ = ρI2R (A5)
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The in-plane elastic force for the same point i, takes the
form:

Hence, the stiffness matrix [ K ip ] becomes:

where the stiffness matrix constants are:

Kuu−1 = 1

Δθ2
κAG

R
(A8)

Kuw−1 = − 1

2Δθ
κAG

R
− 1

2Δθ
EA

R
(A9)

Kuϕ−1 = 1

2Δθ
κAG (A10)

Kuu = − 2

Δθ2
κAG

R
− EA

R
(A11)

Kuw = 0 (A12)

Kuϕ = 0 (A13)

Kuu+1 = 1

Δθ2
κAG

R
(A14)

Kuw+1 = 1

2Δθ
κAG

R
+ 1

2Δθ
EA

R
(A15)

Kuϕ+1 = − 1

2Δθ
κAG (A16)

Kwu−1 = 1

2Δθ
κAG

R
+ 1

2Δθ
EA

R
(A17)

Kww−1 = 1

Δθ2
EA

R
(A18)

Kwϕ−1 = 0 (A19)

Kwu = 0 (A20)

Kww = − 2

Δθ2
EA

R
− κAG

R
(A21)

Kwϕ = κAG (A22)

Kwu+1 = − 1

2Δθ
κAG

R
− 1

2Δθ
EA

R
(A23)

Kww+1 = 1

Δθ2
EA

R
(A24)

Kwϕ+1 = 0 (A25)

Kϕu−1 = − 1

2Δθ
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Δθ2
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Kϕu+1 = 1
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⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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