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Abstract 55 

In the present article, the structural behaviour of a masonry arch bridge in Turkey is 56 

investigated. An analytical study has been conducted to provide the geometry of the 57 

structure, using laser scanning. A point cloud describing the geometry is obtained and 58 

properly transformed into a format, which is appropriate for structural analysis software 59 

(CAE). Then, a number of non-linear finite element models is developed, to simulate its 60 

structural response. Goal of the article is to highlight the influence of both continuum and 61 

discrete approaches and related constitutive laws, on the response of the bridge. Thus, 62 

continuum damage laws and a discrete model consisting of unilateral contact-friction 63 

interfaces, have been developed. Different load cases are tested and comparison between 64 

the results obtained from the different approaches is considered. The failure mechanisms 65 

and the ultimate strengths are derived and core points of the used models are highlighted. 66 

From the output of this work, it is shown how the different failure models predict the 67 

behaviour of the masonry arches. It is also shown that the three-hinge mechanism, which 68 

has been depicted in classical studies for single-span arch masonry bridges under a 69 

horizontal settlement of supports, may also be obtained for multi-arch bridges. Similarly, 70 

downward, vertical settlement of supports may result in the development of two hinges, as 71 

in single-span arches. The beneficial influence of the backfill in limiting the failure in the 72 

arch, is finally addressed in the article. 73 

 74 

Keywords: Masonry arch bridge, Terrestrial laser scanning, Unilateral contact-friction, 75 

Continuum damage model, discrete element method  76 



Introduction  77 

Masonry arch bridges are among the oldest structures, which have survived for thousands 78 

of years (Sevim et al. 2011). They are found in various sizes and configurations and their 79 

aesthetic details vary significantly (Catalan and Aldea 2007). Masonry arch bridges play a 80 

vital role in the cultural heritage of several countries, highlighting the need to be preserved. 81 

Research conducted by Van Beek (1987) and Campbell and Tutton (2013) in Lower Egypt, 82 

Iran, the Eastern Mediterranean region and Mesopotamia showed that the earliest masonry 83 

arch structures (about 5 000 years old) were made up of sun-dried, mud bricks.  84 

A thorough understanding of the structural behaviour of masonry arch bridges is of crucial 85 

importance, towards their restoration and preservation. Ageing as well as different loads 86 

due to earthquakes, settlement of supports and vehicles, have an increased impact on their 87 

structural condition, causing significant damage and/or collapse of these structures. Hence, 88 

their conservation and preservation are of paramount importance. The process of structural 89 

restoration includes (a) visual assessment of the structure, (b) material testing by adopting, 90 

for instance, non-destructive tests for the constituent materials, (c) understanding of the 91 

original design and the structural capabilities by developing numerical models, and (d) 92 

implementing the actual restoration of the different elements of the structure after the 93 

previous steps have been considered. 94 

Most of the old masonry arch bridges have sustained some form of damage over the years 95 

while in service. Some of the common structural problems that they experience, which can 96 

lead to failure and collapse, are provided below: (a) deterioration of the masonry material 97 

due to thermal effects, moisture, or chemical actions, (b) damage of the arch barrel due to 98 



ring-separation, arch barrel distortion and cracking which is a result of longitudinal shear 99 

or tensile failure (Ford et al. 2003; Melbourne 1991), (c) failure of the foundation which is 100 

mainly caused by settlement of supports (Ashurst 1992), and (d) vehicle collision which 101 

can interact with abutments, arch barrels or piers (Melbourne et al. 2006; Wilmers 2012). 102 

It can be noticed that some of these defects take place simultaneously. 103 

In recent years, several studies have been conducted to evaluate the structural behaviour of 104 

masonry arch bridges and improve their ultimate strength. Some of the recognised 105 

techniques used in the assessment of masonry arch bridge include, (a) the Military 106 

Engineering Experimental Establishment (MEXE), a semi-empirical method which is 107 

based on elastic analysis and it only considers the independent strength of the arch barrel 108 

(Hughes et al. 1997), (b) the collapse mechanism method, which uses simple equilibrium 109 

calculations based on the assumption that the collapse of the arch barrel takes place due to 110 

the formation of a four-hinge mechanism (Hughes et al. 2002; Page 1993), and (c) the finite 111 

element method which relies on the development of a computational, structural, model, 112 

considering the influence of each element of the bridge (arch barrel, spandrel walls, wing 113 

walls, fill and parapets) (Crisfield 1985; Towler 1985). This method is widely recognised 114 

over the years as an efficient and effective approach which can be adopted for the structural 115 

assessment of old masonry structures (Armesto et al. 2010; Ataei et al. 2016; Conde et al. 116 

2017; Domede et al. 2013; Lubowiecka et al. 2009; Sevim et al. 2011). 117 

In the structural investigation of masonry arches, it has been noticed that the geometry of 118 

the structure plays a vital role on its structural integrity and a change of the geometry in 119 

respect to the original one, can result in excessive deformation leading to collapse 120 

(Guastavino and Moreno 2006). In Armesto et al. (2010) and Conde et al. (2017) , finite 121 



element models of masonry arch bridges have been developed, using terrestrial laser 122 

scanning technology to obtain the real, exact geometry of the structure. In particular, a 123 

deformation analysis of Segura Roman Bridge is performed in Armesto et al. (2010), by 124 

creating a 3D geometry from unstructured point clouds, collected from 6 different positions 125 

around the bridge. A non-parametric algorithm is also proposed, which generates a smooth 126 

3D surface based on local bivariate kernel smoother, allowing for the estimation of cross-127 

sections without the need of any prior parametric shape. In Conde et al. (2017), 3D finite 128 

element models of the Vilanova masonry arch bridge are developed, based on a 129 

comprehensive field survey, which is conducted by adopting fully non-destructive testing 130 

techniques like laser scanning, ground penetration radar, sonic tests and ambient vibration 131 

tests. As part of the study, 2D limit state analysis is performed on one of the arches of the 132 

bridge, to depict the effect of the live load and to determine the impact of the four-hinge 133 

failure mechanism, which was initially presented in Heyman (1982), on the structural 134 

response of the arch. 135 

In Ataei et al. (2016), a load capacity assessment is conducted on an 80 years old masonry 136 

arch bridge, consisting of 10 arch spans. Finite element analysis and limit analysis models 137 

using the RING software (RING 2021), are developed for the arch of the main span of the 138 

bridge, with a length 40 m and height 30 m. Continuum numerical models have been used, 139 

allowing for the estimation of deformations with a high precision (0.01mm). The study 140 

showed that the bridge can still be in service even when the axle load is increased from 200 141 

kN to 250 kN.  142 

In Lubowiecka et al. (2009) and Sevim et al. (2011) studies on masonry arch bridges are 143 

conducted, by introducing modal analysis to calibrate the developed non-linear finite 144 



element models. In particular, in Lubowiecka et al. (2009) it is observed that the value of 145 

the Young’s modulus is vital for the natural frequencies of the structure, noticing that a 146 

similar observation is derived in Motsa et al. (2020). In Sevim et al. (2011), a time-history 147 

ground motion acceleration of a 0.515g is applied on the calibrated finite element model, 148 

resulting in acceptable stress limits for the masonry stones and a maximum displacement 149 

of 8.2 mm developed at the middle region of the span.  150 

In Domede et al. (2013) a 3D finite element model is developed for a 3-span masonry arch 151 

bridge. In an effort to reproduce the failure cracks which are really present on the structure, 152 

a settlement of the middle support is assigned. On the damaged model of the bridge an 153 

increasing train load is applied, resulting in a failure load of 25MN. The results of the study 154 

show that the safety margin between failure load and service load is very high. 155 

Some more recent articles can also be identified, highlighting significant aspects of the 156 

structural response of masonry arches. In (Sarhosis et al. 2016) a literature review is 157 

provided, on experimental investigations and assessment methods for masonry arch 158 

bridges. In (Pulatsu et al. 2019) masonry arch bridge models are developed using a mixed 159 

discrete-continuum approach. Aim of this study is to depict the influence of the soil backfill 160 

and of the spandrel walls on the mechanical response. In (Casapulla et al. 2019) and in 161 

(Mousavian and Casapulla 2020), a digital tool is proposed, for the design of stable semi-162 

circular masonry arches consisting of interlocking blocks. To increase the sliding resistance 163 

between the blocks comparing to conventional blocks, interlocking connectors are 164 

introduced in the analysis. In (Zampieri et al. 2015) a kinematic analysis process is 165 

developed, to address the transverse seismic capacity and provide the limit horizontal load 166 

of multi-span masonry bridges with slender piers. In (Gönen and Soyöz 2021) different 167 



numerical methods are investigated, including non-linear static and dynamic finite element 168 

models, towards the evaluation of the seismic response of masonry arch bridges. 169 

In this paper, the structural investigation of a masonry arch bridge, namely the Dağarcık 170 

bridge located in Turkey, is presented. By using two types of computational models, 171 

adopting a discrete and a continuum mechanical description respectively, into a three-span 172 

arch, the work focuses on studying the development of failure patterns, which are 173 

previously derived in single-span arches. These patterns involve the development of hinges 174 

representing cross-section failure, when settlement of supports, both horizontal and 175 

vertical, arise. Since this loading type can result in the total collapse of masonry arches, the 176 

investigation of the phenomenon for multi-span arches, provides an innovative aspect to 177 

the current investigation. It is actually proved, that hinge mechanisms of single-span arches 178 

due to settlement of supports, may also arise in multi-span arches. 179 

From another point of view, the present work provides an insight on two types of 180 

constitutive descriptions, focusing on a discrete and a continuum approach. Both concepts 181 

have been used in old and current research on masonry arches. Hence, it appears the need 182 

for a holistic investigation of their mechanical, ultimate response, using the two approaches 183 

as well as a combination of them. In the article, details of the used parameters within the 184 

two descriptions are provided and important points are introduced, highlighting advantages 185 

and disadvantages of them.  186 

First, 3D laser scanning is used to represent the geometry of the bridge, in the form of a 187 

point cloud. This is converted into a 3D solid geometry using AutoCAD. Then, a series of 188 

non-destructive tests are conducted on the masonry stones of the bridge, to provide their 189 

mechanical properties. Finally, a number of non-linear finite element models are 190 



developed, adopting both discrete and continuum mechanical laws. The discrete models 191 

incorporate unilateral contact-friction interfaces between the masonry stones. The 192 

continuum models include a smear crack and a damage plasticity law, applied on the 193 

masonry arch to represent failure. The soil backfill which is found above the arches is also 194 

introduced in some of the models and its influence on the mechanical response of the 195 

structure is highlighted. The developed numerical models are used to evaluate the structural 196 

response of the masonry bridge under various load cases.  197 

Research aim 198 

The goal of this study is to investigate the structural behaviour of a masonry arch bridge 199 

and provide a further insight on mechanical laws which can be used for the task. The 200 

developed numerical models are applied to the Dağarcık bridge, which is located in Turkey. 201 

The structural investigation of this historically and architecturally important monument, is 202 

conducted by considering a combination of non-destructive tests and numerical (finite 203 

element) analysis. First, a 3D laser scan of the masonry structure is implemented, where 204 

91 360 850 cloud points are collected from 9 scanning position stations around the bridge. 205 

Then, non-linear finite element analysis takes place, adopting either a discrete or a 206 

continuum approach. According to the discrete approach, unilateral contact-friction 207 

interfaces are introduced between the masonry stones, to simulate the mortar joints. 208 

Opening and/or sliding of those interfaces indicates damage. For the continuum approach, 209 

two failure laws initially adopted for concrete, are applied to the arch. Discrete models 210 

incorporating the continuum laws are also developed, to offer a further insight to the 211 

mechanical response. Opening or sliding of the interfaces and compressive failure of the 212 



arch can be depicted by this combination of discrete and continuum laws. The mechanical 213 

properties of the masonry stones are obtained from non-destructive tests and the literature.  214 

Figures 1a and 1b show some of the inherited features of the bridge under investigation, 215 

which have been simulated by the numerical models through the use of the point cloud. 216 

Further defects like the slight settlement of the supports, which are sometimes difficult to 217 

be identified by a physical inspection, are also simulated by the developed numerical 218 

models. It is noted that the overall concept presented in this study, adopting laser scanning 219 

of a masonry arch and structural analysis using various non-linear finite element models 220 

with different constitutive descriptions, can also be applied for other masonry structures.  221 

Description of the Dağarcık bridge 222 

The Dağarcık bridge is located in the Onaç River, found within the boundaries of Dağarcık 223 

village, located 22 km southeast of Burdur city centre and 11 km north west of Bucak 224 

District in Turkey. There is no inscription on the Dağarcık Bridge indicating the date of 225 

construction or renovation. This masonry arch bridge is of great historical and architectural 226 

importance, since it is believed it was built during the Roman era. The bridge has been 227 

registered as "Real Estate Cultural Asset required to be protected" by the decision of the 228 

Antalya Cultural and Natural Assets Protection Regional Board on 23.01.2015 (GDH 229 

2017). 230 

The Dağarcık bridge consists of 3 masonry arches. Details for the geometry of the bridge 231 

are found in Figure 2a. In particular, from the downstream views of the structure shown in 232 

Figures 2a, 2b and the upstream view shown in Figure 2c, it is obtained that the first (left) 233 

arch has a length of 3.28m and a height of 2.44 m. This arch consists of five stone sequences 234 



up to keystone. The middle arch has a length of 3.20 m, a height of 2.67 m and consists of 235 

six stone sequences up to keystone. The last arch has a length of 2.93 m a height of 2.54 m 236 

and consists of five stone sequences up to keystone (GDH 2017). 237 

The masonry stones of the arch are made of travertine. Their mechanical properties were 238 

obtained from experimental investigation of the material in-situ and literature studies 239 

presented in (GDH 2017). In this article, the mortar between the stones has not been 240 

considered due to its poor condition. 241 

The proposed structural models 242 

Adopted constitutive descriptions 243 

Six non-linear finite element models have been developed in this study, to provide a holistic 244 

insight of the structural response for the considered masonry arch bridge, emphasizing in 245 

potential collapse mechanisms. The first, is a discrete model consisting of unilateral 246 

contact-friction interfaces, used to simulate potential failure due to opening/sliding 247 

between the stones of the arch. Due to the presence of the contact laws assigned between 248 

the stones, the model is non-linear. Linear elastic material properties are also considered 249 

for the stones.  250 

The second model uses a continuum, smeared cracking constitutive law to simulate 251 

compressive and tensile failure of the arch. This law is appropriate for monotonic loading, 252 

at low confining pressures. 253 

An alternative, concrete damage plasticity, continuum constitutive description is 254 

considered in a third model. This is appropriate for the simulation of failure on quasi-brittle 255 



materials and may also be used when cyclic loads are considered. Damage variables are 256 

introduced in the material law, to capture failure under tension and compression. 257 

The fourth model, uses the discrete approach with the unilateral contact-friction interfaces 258 

but is also enriched with the continuum concrete smeared cracking model. The fifth model 259 

adopts the discrete approach, enriched by the damage plasticity model. 260 

A final, sixth model is developed, incorporating the backfill, soil material above the arch, 261 

in the analysis. A Mohr-Coulomb failure law is adopted for the fill. The arch is this case, 262 

is simulated using the continuum concrete damage plasticity law. 263 

It should be noted that the discrete models are useful in representing hinged failure 264 

mechanisms, after opening of the interfaces occurs. The continuum models, can depict the 265 

type of failure experienced by the structure, either compressive or tensile. Combining the 266 

discrete and the continuum description in one model, may lead to both opening of the 267 

interfaces (hinges) and compressive (or tensile) failure of the material (if any). A list of the 268 

developed models is found in Table 1. 269 

General description of the model 270 

FARO Focus3D X130 terrestrial laser scanner was used in order to create an accurate 3D 271 

model of point cloud representing the geometry of the arch bridge. User requirements for 272 

the level of detail, the colour, the selection of the coordinate system of reference and the 273 

type of the 3D product (Maravelakis et al. 2013) were defined during the initial planning 274 

of the project. The produced point cloud was then processed in AutoCAD and a total of 275 

200 individual building blocks of the arch bridge were manually extracted using selected 276 

points and profiles from the point cloud.   277 



The geometry created was exported as a STEP file and was imported on Abaqus 6.12-3 278 

(Hibbitt et al. 2012) for the creation of the finite element models. To simulate the different 279 

loading cases that the bridge may experience, both fixed supports and settlement of 280 

supports have been considered as the boundary conditions at the bottom side of the 281 

structure. 282 

The developed models consist of 58 320 three-dimensional finite elements used to simulate 283 

the three arches, Figure 3a. A closer view of the mesh density is shown on Figure 3b. The 284 

finite elements are 8-node solid elements (hexahedrons) with three displacement degrees 285 

of freedom at each node. In Figures 3c and 3d the mesh of the structure is provided, when 286 

the backfill soil material above the arch is included in the simulation. 287 

Hinge-mechanism 288 

The classical collapse mechanism of arch bridges, which was presented in Heyman (1982), 289 

has been adopted for the determination of the load carrying capacity of stone arch bridges 290 

in previous studies, for instance in (Drosopoulos et al. 2008). This technique uses the 291 

funicular polygon as the fundamental tool of analysing arches and is based on the 292 

estimation of the thrust line carrying the load on the arches. For a rectangular section of 293 

stones (voussoirs), the thrust line lies within the middle third ‘core’ of the section (Heyman 294 

1982). 295 

A hinge is formed when the thrust line in a cross-section is adjacent to the ring of the arch, 296 

at an eccentricity e of the normal force P, from the centre line of the arch. The resultant 297 

bending moment M is equal to Pe and is developed around the centre line of the arch, 298 

assuming the arch is unreinforced and therefore, it does not develop any tensile strength. 299 



A single-span arch with two fixed supports has a determinacy degree of three. When three 300 

hinges are developed, the structure becomes statically determinate. Then, the development 301 

of a fourth hinge will turn the structure into a mechanism, leading to collapse. This collapse 302 

mechanism is common in unreinforced masonry arch bridges, with a vertical load acting at 303 

one quarter of the span of the arch. According to Heyman (1982), this is the worst load 304 

position, resulting in the lowest resistance. 305 

In the present study, a vertical load is applied at one quarter of one of the spans of the 306 

bridge acting together with the self-weight of the structure. Compressive failure is not 307 

usually expected according to (Heyman 1982), since the developed compressive stresses 308 

are generally low. However, the continuum laws which have been used, can capture also 309 

this failure type. 310 

Another outcome of the classical studies presented in (Heyman 1982), is the description of 311 

the structural response of arches, when settlement of supports takes place. It was mentioned 312 

in these studies that if the abutments spread for a reason, ‘‘the arch could accommodate 313 

itself to the increased span by forming three hinges, one at the crown in the extrados, and 314 

one at each abutment in the intrados’’. In the same studies it was also claimed that if the 315 

abutments are too close, ‘‘three hinges have again been formed to accommodate the 316 

decreased span, one at the crown in the intrados and one at each abutment in the extrados”. 317 

In (Drosopoulos et al. 2008) these conclusions were verified using non-linear finite element 318 

models, in single span, two-dimensional arches. Among the aims of the present study, is to 319 

highlight the validity of these conclusions, for multi-span arches. 320 

 321 



The ultimate behaviour and collapse prediction within finite element analysis 322 

In the framework of finite element analysis for masonry arch bridges, the ultimate strength 323 

of the bridge is defined as the point preceding collapse of the structure. When the structure 324 

is close to reach its ultimate strength, the analysis becomes unstable due to the introduction 325 

of at least one zero eigenvalue on the tangential stiffness matrix. When the ultimate strength 326 

of the structure is finally reached, the analysis is terminated. 327 

In the framework of finite element analysis, the force-displacement diagram obtained at 328 

the end of the simulation, is used to determine when the structure is close to collapse, as 329 

depicted by the end of the graph.  330 

Material properties using the concrete smeared cracking and the damage plasticity model  331 

A concrete smeared crack damage model, as well as a concrete damage plasticity model, 332 

are adopted in the study to consider the compressive and tensile failure of the masonry 333 

arch. The smeared crack model allows for the simulation of brittle materials, like concrete 334 

and masonry by incorporating the uniaxial tensile and compression behaviour. According 335 

to this model, cracking is assumed to occur when the stress reaches a critical failure surface, 336 

provided by the relationship between the equivalent pressure stress and the Mises 337 

equivalent deviatoric stress. 338 

In the framework of this model, no individual “macro” cracks are developed. In addition, 339 

the compressive response of the material is modelled by an elastic-plastic theory. The post-340 

failure behaviour of the damaged material is modelled using a tension stiffening law and 341 

the corresponding stress–displacement diagram. 342 



The second continuum approach, introduces the concrete damage plasticity law. This is 343 

appropriate for quasi-brittle structures, for instance masonry and concrete, subjected to 344 

monotonic or cyclic actions. The main two failure mechanisms, which can be depicted by 345 

this law, are tensile cracking and compressive crushing. During unloading the elastic 346 

stiffness of the material is considered damaged. This is depicted using two damage 347 

variables, one for tension and another for compression, both introduced in the model as 348 

functions of the plastic strains. These damage variables take values from zero, representing 349 

the undamaged material, to one, depicting total loss of strength. If the initial elastic stiffness 350 

of the material is E0, dt and dc are the tensile and compressive damage variables, 351 

respectively, then the stress-strain relations under uniaxial tension and compression 352 

loading are provided by the following equations: 353 

𝜎𝑡 = (1 − 𝑑𝑡)𝐸0(𝜀𝑡 − 𝜀𝑝𝑙
𝑡 )                                (1)    354 

𝜎𝑐 = (1 − 𝑑𝑐)𝐸0(𝜀𝑐 − 𝜀𝑝𝑙
𝑐 )                            (2) 355 

In Tables 2, 3 and in Figures 4, 5 below, are provided all the material parameters which are 356 

used in these two constitutive descriptions. In addition, for all material laws, the Young’s 357 

modulus, Poisson’s ratio and density values shown in Table 4, are adopted. These 358 

correspond to the building material used to make the arch bridge, which is travertine 359 

(Erdoğan 2011; GDH 2017). The compressive strength of the travertine stone is 70 MPa 360 

and the tensile strength is approximately 10% of the compressive strength, 7MPa. This is 361 

mentioned in TS EN 1996-1-1 + A1 Eurocode 6 - Design of masonry structures - Part 1-362 

1: General rules for reinforced and unreinforced masonry structures, which is one of the 363 

codes to design arch bridges (CEN 2005; GDH 2017). 364 



For the models which incorporate the backfill soil material which is found above the arch, 365 

a Mohr-Coulomb failure law is used, to simulate damage on the fill. In Table 5, the adopted 366 

parameters for this law are given. 367 

Discrete model for the arches 368 

To simulate the contact conditions between each stone, principles taken from contact 369 

mechanics have been adopted. For a discrete structure, these relations are written for every 370 

point of a unilateral boundary or interface. In the following equations, u is the single degree 371 

of freedom and g represents the initial opening between the contacting bodies. 372 

 373 

ℎ = 𝑢 − 𝑔 ≤ 0 ⟹ ℎ ≤ 0                                        (3) 374 

−𝑡𝑛 ≥ 0                                                                       (4) 375 

𝑡𝑛(𝑢 − 𝑔) = 0                                                            (5) 376 

The behaviour in the tangential direction between the stone interfaces, is defined by a static 377 

version of the Coulomb friction model. Two contacting surfaces start sliding when the 378 

shear stress in the interface reaches a critical value equal to: 379 

 380 

𝑡𝑡 = 𝜏𝑐𝑟 = ±𝜇|𝑡𝑛|                                                    (6) 381 

where tt and tn are the shear stress and the contact pressure at a given point of the contacting 382 

surfaces respectively and μ is the friction coefficient. There are two possible directions of 383 

sliding along an interface, so tt can be positive or negative depending on that direction. 384 

Furthermore, there is no sliding if |tt | < μ|tn| (stick conditions). The sliding rule can be 385 

summarized by the following relations, where ut is the displacement (sliding) in the 386 

tangential direction of an interface: 387 



|𝑡𝑡| < 𝜇|𝑡𝑛|  ⟶  𝑢𝑡 = 0 (𝑛𝑜 𝑠𝑙𝑖𝑑𝑖𝑛𝑔)                                                   (7𝑎) 388 

𝑡𝑡 = 𝜇|𝑡𝑛|  ⟶ 𝑢𝑡 ≥ 0 (𝑠𝑙𝑖𝑑𝑖𝑛𝑔 𝑖𝑛 𝑜𝑛𝑒 𝑑𝑖𝑟𝑒𝑡𝑖𝑜𝑛)                              (7𝑏) 389 

𝑡𝑡 = −𝜇|𝑡𝑛| ⟶ 𝑢𝑡 ≤ 0 (𝑠𝑙𝑖𝑑𝑖𝑛𝑔 𝑖𝑛 𝑡ℎ𝑒 𝑜𝑝𝑝𝑜𝑠𝑖𝑡𝑒 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛)        (7𝑐) 390 

The Lagrange multiplier method is used to incorporate in the equilibrium equations, the 391 

unilateral contact-friction equations. Moreover, a friction coefficient equal to 0.5 is adopted 392 

in this study (Melbourne and Gilbert 1995). For the continuum models, a tie-constraint 393 

condition is considered for the interfaces between the masonry stones. This prevents sliding 394 

and opening at the interfaces, in all directions. 395 

Results and discussions  396 

Load cases    397 

In the present study, the structural behaviour of a masonry arch bridge is investigated, using 398 

different load types and adopting different numerical models to predict the structural response. 399 

The different load types which are implemented, are based on critical load cases, that the 400 

bridge is likely to experience in situ. These load cases include loads applied as forces and 401 

displacements in the plane, as well as in the out-of-plane direction of the bridge, in different 402 

positions. In particular, the following load cases are considered: (a) a vertical load applied 403 

at about one quarter of the middle span of the bridge, to determine the ultimate strength, 404 

(b) a horizontal, outwards displacement of 100 mm in the plane of the bridge, on both outer 405 

supports, representing settlement of supports, (c) a horizontal inwards displacement of 100 406 

mm in the plane of the bridge on both supports (d) 100 mm horizontal displacement of  the 407 

two internal supports in the direction of the water flow, perpendicular to the plane of the 408 



bridge, (e) a vertical load applied at about one quarter span of the middle span of the bridge 409 

with 20 mm displacement of  the two internal supports in the direction of the water flow 410 

perpendicular to the plane of the bridge, (f) 100 mm vertical displacement of the two 411 

internal supports in the downward direction, (g) a vertical load applied at about one quarter 412 

span of the middle span of the bridge with 20 mm vertical displacement of  the two internal 413 

supports in the downward direction. The first four load cases are also considered for the 414 

model with the backfill above the arch. It must be noted that the vertical load is equally 415 

distributed into 5 points along the width of the bridge, to minimize the effects of localized 416 

failure. All load cases are provided in Table 6. 417 

In the developed numerical models, two steps are considered. The first, is a dynamic 418 

implicit analysis step, in a quasi-static framework, which introduces a gravity load (self-419 

weight of the structure) of 9.81 m/s2. When a general static analysis was considered in the 420 

first step, numerical singularities did not allow the model to reach convergence due to the 421 

extensive number of unilateral contact-friction interfaces, which are used to simulate the 422 

contact conditions between each stone. This numerical instability was attributed to multiple 423 

micro openings/closures between stone interfaces, resulting in unstable stiffness matrices. 424 

To overcome this problem, the mentioned dynamic implicit analysis, in a quasi-static 425 

framework, was used. This introduced the mass stiffness in the equilibrium equations, 426 

resulting in more stable stiffness matrix. Then, a second step is applied, with the particular 427 

loading, which is described above. 428 

Discrete models with and without concrete plasticity laws  429 

Results of the three discrete models with the linear elastic, smeared cracking and damage 430 

plasticity constitutive description, are presented in this section for the different load cases. 431 



Within the first load case, a vertical load is applied at about one quarter of the middle span, 432 

to determine the ultimate strength of the structure.  Results indicate that a local sliding of 433 

the stones near the point of application of the vertical force, is obtained from the three 434 

discrete models. In addition, although the four-hinge mechanism does not clearly appear, 435 

two more hinges arise left and right of the point force (extrados opening). The fourth hinge, 436 

that would normally appear close to the left support of the loaded arch in the classical four-437 

hinge mechanism, only slightly emerges in the present models, but cannot be depicted in 438 

the image. 439 

This is shown for the pure discrete model in Figures 6a and 6b, where a scale factor has 440 

been used to magnify the obtained displacements and better highlight the hinges. A similar 441 

result is obtained from the discrete models which use the plasticity laws, as depicted in 442 

Figure 7, noticing also that for these models a local failure of the material near the point of 443 

application of the vertical load also arises.  444 

From these figures it is obtained that the pure discrete model results in higher 445 

displacements (Figure 6b), comparing to the ones which use the plasticity laws (Figure 7). 446 

This observation, highlighting a more brittle behaviour due to usage of the plasticity laws, 447 

is also derived for the majority of the presented results.  448 

Next, horizontal, outward, in-plane settlements of the supports of the outer arches, have 449 

been applied to the three discrete models. Figure 8 shows the plot of the final displacements 450 

for outward settlement of 100mm in both outer supports, which could arise due to erosion 451 

of the riverbed, riverbank and the soil in the vicinity of the supports. It is clearly shown in 452 

this figure, that the three-hinge mechanism described in the classical studies of (Heyman 453 

1982) for similar settlement of supports, also arises here for the three-span arch. In 454 



particular, similar to (Heyman 1982), one hinge appears at the crown at the extrados of the 455 

arches (opening at the intrados), and one at each support in the intrados (opening at the 456 

extrados). For the right outer arch, a sliding instead of an opening arises, at the position 457 

where the right hinge would appear. It is noted that the same mechanism appears for the 458 

three discrete models, without any material failure (except the hinges). 459 

The plot of the final displacements of the structure when an inward movement of 100 mm 460 

is considered for the outer supports, is shown in Figure 9. According to this figure, sliding 461 

arises in this case, at the two supports of the bridge. Thus, contrary to the case of outward 462 

settlement of supports, where a three-hinge mechanism appeared, for inward settlement the 463 

mechanism changes to sliding failure. For the discrete models with the plasticity laws, no 464 

failure on the material arises. 465 

In Figure 10 the plot of the final displacements of the bridge is shown, when an out-of-466 

plane settlement of 100 mm occurs on the two internal supports, in the direction of the 467 

water flow. Since the outer supports are fixed, the structure develops an out of plane 468 

bending response, resulting in the opening of hinges at the two outer arches, as shown in 469 

Figure 10. These hinges are developed at the top of the two outer arches as well as at the 470 

supports of the right arch. The middle arch does not develop any particular damage. 471 

An additional analysis has been conducted, combining the out of plane settlement of the 472 

inner supports and the vertical point force at the one quarter of the span of the middle arch. 473 

Results in this case resemble the ones presented in Figures 6 and 7 and thus, they mainly 474 

involve hinge opening at the middle arch, where the vertical load is applied. 475 

The plot of the maximum principal stresses is provided in Figure 11, when a downward 476 

settlement of 100 mm of the two internal supports is considered. According to this figure, 477 



two hinges open in the outer arches, one closer to each inner support (opening intrados) 478 

and another closer to the outer support (opening extrados). It is also noted that the position 479 

of the hinge closer to the inner support is different in the two outer arches. A similar hinge-480 

mechanism for downward settlement of supports is derived in (Drosopoulos et al. 2008) 481 

for two-dimensional, single-arch bridges. 482 

The plot of the maximum principal stresses is shown in Figure 12, for a final load case of 483 

a vertical load equal to 100 kN applied at about one quarter of the span of the middle span 484 

of the bridge together with a 20 mm downwards movement of the two internal supports. 485 

Contrary to the case of downward settlement of support without any vertical load shown 486 

in Figure 11, the two hinges are not developed in the outer arches. Instead, only one hinge 487 

is developed in the outer left arch, while no hinge appears in the outer right arch, as depicted 488 

in Figure 12. Hinges arise in the middle arch, due to the vertical point force. 489 

Continuum models 490 

The failure of the bridge is shown in this section, by using the plastic strain distribution, 491 

arising when the different load cases are applied. Within the continuum models, no opening 492 

or sliding between the masonry bricks can be depicted. Instead, material failure may be 493 

derived, due to compressive or tensile response.  494 

Within the first load case, a downward vertical force is applied to the quarter of the span 495 

of the middle arch. The model with the smeared cracking constitutive description did not 496 

provide any failure mechanism, except local failure near the points of applications of the 497 

load. On the contrary, the model with the concrete damage plasticity law resulted in the 498 

failure response which is shown in Figure 13. Thus, failure appears in four regions of the 499 



arch. It is noted that the same mechanism arises in single-span arches, according to classical 500 

studies (Heyman 1982). 501 

For the outward displacement of the two outer supports, the simulation with the smeared 502 

cracking continuum model terminated early, due to convergence issues, arising from the 503 

brittle response which is depicted in this constitutive law. On the contrary, the concrete 504 

damage plasticity model provided a much-improved convergence response, allowing for 505 

the representation of damage. The three-hinge mechanism, which is derived in the classical 506 

studies of (Heyman 1982) and is also obtained from the discrete models of the previous 507 

section, appears in this case too, as shown in Figure 14. According to this figure, the hinge 508 

at the crown is in the same position with the one derived from the discrete model in Figure 509 

8. However, the two remaining hinges at the supports, appear lower (towards the ground), 510 

comparing to the discrete models shown in Figure 8. 511 

When an inward settlement of the outer supports by 100 mm is applied on the continuum 512 

smeared cracking model, analysis terminates early due to convergence issues and no plastic 513 

strain arises. On the contrary, the simulation with the concrete damage plasticity model 514 

proceeds and allows the representation of a three-hinge mechanism, as shown in Figure 15. 515 

It is noted that the discrete approach presented in the previous section resulted in sliding 516 

failure mode at the supports. 517 

For an out of plane settlement of the two internal supports of the bridge, tensile failure 518 

takes place at the outer arches, as shown in Figure 16 for the continuum damage plasticity 519 

model. This is attributed to the out of plane bending response of the structure. Failure in 520 

this case is mainly developed at the top of these arches as well as at the supports. A similar 521 

failure mode is obtained from the discrete model shown in Figure 10. For the same load 522 



case, a limited compressive failure also appears in the opposite face of the structure, as 523 

shown in Figure 17. 524 

When an out of plane settlement of 20 mm on the two internal supports of the bridge is 525 

combined with a vertical load of 100 kN applied at the one quarter of the span of the middle 526 

arch, plastic strain is experienced on the outer side of the middle supports. It is noted that 527 

a similar failure behaviour was obtained in Figure 16 for the case out of plane settlement 528 

of the inner supports (without vertical point load), indicating that the out of plane 529 

movement is the critical loading.  530 

For a downward settlement of the two internal supports, the plastic strain distribution 531 

shown in Figure 18 is obtained from the concrete damage plasticity model. As depicted in 532 

the figure, for each outer arch, two hinges are developed, one close to the internal support 533 

and another close to the external one. A similar hinge-pattern is also derived in 534 

(Drosopoulos et al. 2008). Moreover, the discrete model’s response given in Figure 11, 535 

results in a similar hinge-mechanism, but the position of the hinge in the proximity of the 536 

internal support of the left outer arch, is different comparing to the corresponding hinge 537 

shown in Figure 18. 538 

For a final load case, a vertical load of 100 kN is applied at about one quarter of the span 539 

of the middle span of the bridge, together with a 20 mm downward movement of the two 540 

internal supports. Results indicate a similar failure pattern with the one depicted in Figure 541 

18 where downward settlement of the middle supports is considered, without any vertical 542 

load. 543 

 544 

 545 



Influence of the backfill on the structural response 546 

The presence of the soil backfill above the arch, provides a better load distribution through 547 

the body of the backfill towards the arch, which is the main structural component. It also 548 

increases the compression above the arch. To highlight the influence of the backfill 549 

material on the overall response, a new model is developed, where backfill is simulated 550 

using three-dimensional finite elements, as shown in Figures 3c and 3d. For the arch, the 551 

continuum concrete damage plasticity law has been considered. Goal of this investigation 552 

is to discuss the influence of the backfill on the response, by conducting a comparison with 553 

the corresponding results when no backfill was considered.  554 

Four load cases have been implemented in this case, namely the horizontal, outward and 555 

inward settlement of the outer supports, the out of plane settlement of the middle supports 556 

and the vertical downward force. 557 

In Figure 19 the plastic strain distribution for outward settlement of the outer supports is 558 

shown. It is clear that a quite significant failure on the backfill is observed, which is 559 

attributed to the low-quality material properties which have been assigned to it. However, 560 

it is observed that concerning the response of the arch, although some failure is developed, 561 

this is limited comparing to the results obtained from the same load case, without the 562 

backfill (Figure 14). In particular, in Figure 14 three hinges were developed in the outer 563 

arches, one in the crown and two in the supports. According to Figure 19 the hinges close 564 

to the internal support of each outer arch are not developed. In addition, in the left arch, the 565 

top hinge is not exactly developed in the middle of the span, but towards the left side. Both 566 

comments indicate a change in the hinge-mechanism of the arch, comparing to the analysis 567 

without the fill. 568 



For the case of inward settlement of the two outer supports, Figure 20 indicates that three 569 

hinges arise in the arch. Their position is the same with the position of the hinges in the 570 

model without the backfill (Figure 15), however their distribution in the arch is limited, 571 

comparing to Figure 15.   572 

The load case with the out of plane settlement of the two inner supports results in a similar 573 

plastic strain distribution in the body of the arch, with the one received from the model 574 

without the backfill (Figures 16, 17). 575 

For the last load case, where a vertical downward force is applied on the backfill, in a 576 

position near the quarter of the middle span, the plastic strain distribution shown in Figure 577 

21 arises. According to this figure, failure on the arch is mainly developed near the point 578 

of the load application. On the contrary, when the backfill was not considered (Figure 13), 579 

failure on the arch was developed in four points, resembling the traditional, four-hinge 580 

mechanism.  581 

Force - displacement diagrams 582 

Within finite element analysis, force-displacement diagrams can be used to determine the 583 

point of failure of a structure. Figure 22 shows the force-displacement diagrams obtained 584 

from the different numerical models, which were subject to a vertical load and to a 585 

combination of vertical load plus settlement of supports. It can be noticed that the 586 

continuum models lead to a more stiff response for (pure) vertical loading, comparing to 587 

the discrete models.  588 

In addition, the hinge formation mechanism is the most likely cause of failure compared to 589 

material failure in compression, since compressive failure was observed only in one case 590 

(limited compressive failure for out of plane settlement of support, Figure 17). The 591 



numerical models with out of plane settlement of supports and with vertical settlement of 592 

internal supports combined with a vertical load, are highly unstable. For these load cases, 593 

the smeared cracking models resulted in a very low ultimate load, comparing to the discrete 594 

models. This is due to the brittle response of the smeared cracking law, when tensile failure 595 

arises. On the other hand, the discrete model allows for activation (opening-sliding) of the 596 

interfaces, which then lead to redistribution of forces, until a collapse mechanism arises 597 

resulting in a higher ultimate load compared to the continuum model.  598 

The concrete damage plasticity models provided the capacity to properly describe the 599 

quasi-static response of masonry arches. For the same initial load, which is considered in 600 

the previous simulations, this constitutive description leads to a stiff response. For a 601 

significantly higher initial load, the force – displacement graph becomes non-linear and the 602 

four-hinge mechanism shown in Figure 13 arises.  603 

Conclusions and further recommendations 604 

In this study, the structural behaviour of a masonry arch bridge is investigated, using non-605 

linear finite element models. Various loading cases which can be experienced by the 606 

structure have been considered, including settlement of supports. This type of loading may 607 

appear due to erosion and heavy water flow. The numerical models used for the structural 608 

analysis, were developed based on in-situ survey of the existing geometry. The three-609 

dimensional geometry used for the investigation was obtained on AutoCAD, using a cloud 610 

of points of the bridge collected by researchers in Turkey. A terrestrial laser scanner was 611 

used to obtain these points. The geometry was then imported in Abaqus, which is a 612 

commercial finite element package.  613 



Two modelling approaches were considered, adopting a discrete and a continuum 614 

constitutive description. According to the first approach, unilateral frictional contact 615 

interfaces were used to simulate the real contact conditions between the stones. Within the 616 

second approach, continuum constitutive descriptions were used, relying on a smeared 617 

cracking formulation and on a concrete damage plasticity law. The developed models were 618 

strongly non-linear due to the presence of the interfaces and of the non-linear material 619 

description. The Newton-Raphson incremental – iterative process was used to solve the 620 

numerical problem.  621 

From the different finite element models presented in this study, different failure modes of 622 

the masonry arch were observed, for the various load cases.  623 

The following conclusions can be drawn from this study: 624 

 The critical failure pattern obtained from the discrete models is the formation of 625 

hinge-mechanisms, which can be developed both in-plane and out-of-plane, for 626 

corresponding loads. It is observed that the three hinge-mechanism obtained in 627 

published research for horizontal, outward and inward settlement of supports of 628 

single arch-bridges, also arises from the discrete approach, adopted in this article 629 

for multi-span arches. Similarly, when a vertical, downward settlement of support 630 

takes place, two hinges are developed in the affected arches. The same conclusion 631 

has been derived in old studies, for single-span arches. A four-hinge failure 632 

mechanism arises for a vertical load at the middle arch. 633 

 The numerical models which compute the out of plane loads are computationally 634 

expensive and highly unstable, hence, the corresponding simulations terminate 635 

before the full load is assigned.  636 



 The contribution of the backfill soil material, which is found above the arch, may 637 

significantly influence the structural response. It is shown in this study that the 638 

presence of backfill may alter the failure pattern in the arch, leading to limited 639 

damage. 640 

 The difference in the mechanical response, which is derived from discrete and 641 

continuum laws, is highlighted in the article. The discrete approach allows for the 642 

formation of hinges and sliding failure modes, resulting in a more flexible 643 

approximation of the structural response. On the contrary, the continuum approach 644 

leads to more stiff response. In addition, the discrete approach may lead to 645 

numerical instabilities and increased computational cost due to the presence of 646 

multiple unilateral contact-friction interface.  647 

 The continuum approach results in easy modelling. Tensile plastic strain 648 

distribution is the dominant failure pattern depicted by this approach. Numerical 649 

instabilities may arise when point forces are considered, due to local failure near 650 

the points of the load application. From the two continuum constitutive 651 

descriptions, the smeared cracking law results in convergence difficulties, 652 

attributed to the brittle nature of this description. The concrete damage plasticity 653 

law, making use of damage variables, better describes the quasi-brittle response of 654 

the masonry arch. The failure patterns which are obtained from the continuum 655 

concrete damage plasticity law, are similar to the ones derived from the discrete 656 

approach and the results found in published research. 657 

Future research may include the investigation of the influence of the spandrel walls on the 658 

mechanical response of masonry arch bridges. Finally, the incorporation of other advanced 659 



numerical tools in the study of arches, such as the cohesive zone modelling approach, is 660 

also left for future investigation.  661 
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Tables 782 

Table 1: List of models developed.  783 

Model No. Model Description 

Model 1 Pure discrete 

Model 2 Continuum with concrete smeared cracking law  

Model 3 Continuum with concrete damage plasticity law 

Model 4 Discrete with concrete smeared cracking law 

Model 5 Discrete with concrete damage plasticity law 

Model 6 

Continuum model for the arch and the fill, adopting the Mohr-

Coulomb failure criterion for the fill and the concrete damage 

plasticity law for the arch 

 784 

 785 

Table 2: Concrete smeared cracking law parameters for the stones used in the arch bridge.   786 

Concrete Smeared Model 

Yield Stress 

(MPa) 

Compressive stress 

(MPa) 

Ratio of uniaxial tension to 

compression failure stress 

Ratio of biaxial to uniaxial 

compression failure stress 

28 70 0.1 1.16 
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Table 3: Concrete Damage Plasticity model parameters for the stones used in the arch 795 

bridge.   796 

Concrete Damage Plasticity Model 

Dilation Angle 

Flow potential 

eccentricity 

Ratio of biaxial to 

uniaxial 

compression failure 

stress  

Ratio of second 

stress invariant of 

the tensile meridian 

to the compression 

meridian 

Viscosity 

Parameter 

35 0.1 1.16 0.67 0 

Compression behaviour 

Yield Stress 

(MPa) 

Compressive 

strength (MPa) 

Ɛc
0 (Strain at 

maximum 

compressive 

strength) 

Ɛccu (Maximum 

strain) 

Ɛcpl (Final plastic 

strain) 

28 70 0.00887199 0.01774398 0.00177440 

Tension behaviour 

Yield Stress 

(MPa) Ɛtcr (Strain at the tensile yield stress) 
Ɛtpl (Final plastic strain) 

7 0.00044360 0.00443599 
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Table 4: Mechanical properties for the stones used in the arch bridge (GDH 2017) .   800 

 Young’s Density Poisson's  

Material modulus, Ε (GPa) (kg/m3) ratio 

Travertine 15.780 2300 0.3 

 801 

 802 

 803 
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Table 5: Mechanical properties for fill used in the arch bridge (GDH 2017).   805 

Young’s 

modulus, Ε 

(GPa) 

Poisson's 

ratio 

Density 

(kg/m3) 

Angle of internal 

friction (degrees) 
Cohesion 

(KPa) 

Dilation 

angle 

(degrees) 

0.3 0.3 2000 37 10 24 
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 807 

Table 6: List of load cases considered in the study.  808 

Load 

Case No. 
Load case description 

(a) 

Vertical load applied at about one quarter of the middle span of the 

bridge. 

(b) 

Horizontal, outward displacement of 100 mm in the plane of the 

bridge, on both outer supports. 

(c) 

Horizontal inward displacement of 100 mm in the plane of the 

bridge on both outer supports. 

(d) 

100 mm horizontal displacement of the two internal supports in the 

direction of the water flow, perpendicular to the plane of the bridge. 

(e) 

Vertical load applied at about one quarter span of the middle span of 

the bridge with 20 mm displacement of the two internal supports in 

the direction of the water flow perpendicular to the plane of the 

bridge 

(f) 100 mm downward displacement of the two internal supports. 

(g) 

Vertical load applied at about one quarter span of the middle span of 

the bridge with 20 mm downward displacement of the two internal 

supports. 

(h) 

Incorporation of backfill - Horizontal, outward displacement of 100 

mm in the plane of the bridge, on both outer supports. 

(i) 

Incorporation of backfill - Horizontal inward displacement of 100 

mm in the plane of the bridge on both outer supports. 

(j) 

Incorporation of backfill - 100 mm horizontal displacement of the 

two internal supports in the direction of the water flow, 

perpendicular to the plane of the bridge. 

(k) 

Incorporation of backfill - Vertical load applied at about one quarter 

of the middle span of the bridge. 
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List of figures 

Figure 1: a) View of middle span showing some damage on masonry stones at support and b) the 

keystone of the third arch (GDH 2017). 

Figure 2: a) Schematic representation of the dimensions of the Dağarcık bridge, b) 3D Point cloud 

of the Dağarcık bridge and c) upstream view of the Dağarcık bridge (GDH 2017; Lubliner et al. 

1989). 

Figure 3: Mesh of the used finite element models: a) full view of bridge with masonry stones 

only, b) closer view of bridge with masonry stones only, c) full view of bridge with masonry 

stones and backfill and d) closer view of bridge with masonry stones and backfill. 

Figure 4: Material response adopted within the concrete damage plasticity model: a) 

Compressive stress-inelastic strain, b) compressive damage variable-inelastic strain, c) tensile 

stress-inelastic strain and d) tensile damage variable-inelastic strain (Lubliner et al. 1989) 

(Hognestad 1951). 

Figure 5: Stress-displacement law adopted for the smeared cracking model representing tension 

softening (Belarbi and Hsu 1994; Lubliner et al. 1989). 

Figure 6. Displacement (m) due to a vertical load obtained from the pure discrete model a) at an 

intermediate load step (scale factor 10), b) at the final load step (scale factor 5). 

Figure 7. Displacement (m) due to a vertical load obtained from the discrete model with the 

concrete damage plasticity law at the final load step (scale factor 10). 

Figure 8. Displacement (m) for outward horizontal settlements of the two outer supports (scale 

factor 3) for the pure discrete model. 
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Figure 9. Displacement (m) for inward horizontal settlements of the two outer supports (scale 

factor 3) for the discrete model with the concrete damage plasticity law. 

Figure 10. Displacements (m) for out of plane settlements of the two inner supports (scale factor 

5) for the discrete model. 

Figure 11. Principal stresses (Pa) for downward settlements of the two inner supports (scale 

factor 5) for the discrete model. 

Figure 12. Principal stresses (Pa) for downward settlements of the two inner supports (scale 

factor 5) accompanied by a vertical force at the middle arch, for the discrete model. 

Figure 13. Plastic strain distribution developed in the concrete damage plasticity continuum 

model, for a vertical load applied at the quarter of the span of the middle arch. 

Figure 14. Plastic strain distribution developed in the concrete damage plasticity continuum 

model, for outward horizontal settlement of the two outer supports. 

Figure 15. Plastic strain distribution developed in the concrete damage plasticity continuum 

model, for inward horizontal settlement of the two outer supports. 

Figure 16. Plastic strain distribution highlighting tensile damage developed in the concrete 

damage plasticity continuum model, for out of plane settlement of the two inner supports. 

Figure 17. Plastic strain distribution highlighting compressive damage developed in the 

concrete damage plasticity continuum model, for out of plane settlement of the two inner 

supports. 

Figure 18. Plastic strain distribution developed in the concrete damage plasticity continuum 

model, for downward settlement of the two inner supports. 



Figure 19. Plastic strain distribution developed in the concrete damage plasticity continuum 

model with the backfill, for outward horizontal settlement of the two outer supports. 

Figure 20. Plastic strain distribution developed in the concrete damage plasticity continuum 

model with the backfill, for inward horizontal settlement of the two outer supports. 

Figure 21. Plastic strain distribution developed in the concrete damage plasticity continuum 

model with the backfill, for a vertical downward force applied on the backfill, in the position of 

the one quarter of the span of the middle arch. 

Figure 22: Force-displacement diagrams for the discrete and the continuum models assigned a 

vertical downward load. 


