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Abstract

The nuclear star clusters of late-type spiral galaxies are comprised of multiple components.

Gemini near-infrared spectroscopy of the nuclear star cluster in NGC 4244 shows clear rota-

tion. Earlier, De Lorenzi et al. (2013) constructed two component (disc + spheroid) axisym-

metric three integral particle models of NGC 4244, finding a negative vertical anisotropy

(βz < 0). We construct a series of axisymmetric, single-component, particle models of

NGC 4244 using these data, combined with F814W band photometric data from the Hubble

space telescope and the χ2-made-to-measure code NMAGIC. We find a best fitting central

black hole mass of 5× 105 M⊙ . Our models also have a negative βz, as in earlier models.

We conclude that although the disc component of NGC 4244’s nuclear star cluster is clearly

present, it has a negligible effect on the measured kinematics. We also present a preliminary

density model for the nuclear star cluster residing in the pure spiral galaxy M33.



Chapter 1

Introduction

1.1 Central Objects

The galactic centre is usually the densest region of an entire galaxy. Sitting at the bottom of

a galaxy’s potential well, the conditions of the central region are extreme. These conditions

give rise to a plethora of different objects that reside at the galactic centre. The largest

galaxies in the universe often contain black holes at their centre that are extremely massive

and are therefore called supermassive black holes (SMBHs). Smaller galaxies often host

a nuclear star cluster (NSC) and, on larger scales, a nuclear disc. These objects can also

coexist in some galaxies. The Milky Way is a prime example, which may contain all three

of these objects.

Deriving the Mass Enclosed by a Circular Orbit

For a particle at radius r, with tangential velocity υυυ and mass m, the force required to

maintain a circular orbit (centripetal force) is given by

F =
mυυυ2

r
. (1.1.1)
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Introduction

The force acting on the particle is the force due to gravity. Therefore, we can write

F =
GMm

r2 =
mυυυ2

r
, (1.1.2)

where M is the mass of the central object, and G is the gravitational constant. Rearranging

equation (1.1.2) yields an expression for the mass enclosed by the circular orbit, M,

υυυ
2 =

GM
r

, (1.1.3a)

⇒ M =
υυυ2r
G

. (1.1.3b)

Thus, from just the velocity of the particle and the radius of its orbit, we can determine

the mass enclosed. Although sometimes the tangential velocity is not known, therefore,

we replace υυυ with the angular velocity ωωω . By the substitution of υυυ = ωωωr we obtain the

equation,

M =
ωωω2r3

G
. (1.1.4)

1.1.1 Supermassive Black Holes

Most of the galaxies we observe in the universe host a central black hole that lies at the

bottom of the potential well. These SMBHs have masses greater than 106 M⊙ and are

found in a variety of Hubble types. The largest SMBH to be discovered so far was in the

compact lenticular galaxy NGC 1277 (van den Bosch et al. 2012)97; this SMBH has a mass

of (1.7± 0.3)× 1010 M⊙. The most readily available example of a galaxy that harbours a

SMBH at its centre is our own Galaxy, the Milky Way. Lyden-Bell & Rees (1974)63 first

hypothesised the existence of SMBHs as a way of explaining the galactic nucleus of the

large class of galaxies known as quasars. These quasars were thought to be stars that were

emitting a large amount of radiation. However, when their spectra was analysed it was found

2



1.1 Central Objects

they were, in fact, large galaxies at high redshifts. Just 3 years later Balick & Brown (1974)2

discovered Sagittarius A-star (Sgr A*). Sgr A* is a compact source of radio emission at the

centre of the Milky Way and is believed to be the location of the Milky Way’s SMBH. Since

Sgr A*s discovery, SMBHs have been found in many galaxies, usually with the help of data

obtained from the Hubble Space Telescope (HST). It was originally thought that SMBHs

were only found in early-types and late-types with bulges, however, Barth et al. (2009)3

found an exception to this. NGC 3621 is a bulgeless late-type galaxy that was found to

contain both a SMBH of mass ≤ 107 M⊙ and a nuclear star cluster (Barth et al. 2009)3.

One problem facing the discovery of more SMBHs in the centre of bulgeless galaxies is that

without dynamically modelling the centre of these galaxies, the SMBH can only be detected

when accreting matter. However, not all galaxies host a SMBH, an example of this is the

late-type galaxy M33 (Merrit et al. 2001; Gebhardt et al. 2001)38,71.

Fig. 1.1 Very Large Telescope (VLT) I, V and B band composite image of NGC 3621. Image
credit: ESO

3
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Numerous relationships between SMBHs and their host galaxies have been proposed.

One of the first relationships to be proposed were on the basis of 8 measurements; Kor-

mendy & Richstone (1995)58 found that the mass of the SMBH scaled linearly with the ab-

solute blue luminosity of the host bulge. This was confirmed by Magorrian et al. (1998)67

who found a similar relationship using a sample of 30 galaxies. Further work done by Fer-

rarese & Merritt (2000) and Gebhardt et al. (2000)36,37 investigated a relationship between

SMHB mass and luminosity-weighted line-of-sight velocity dispersion within the half-light

radius. Ferrarese & Merritt (2000)36 used a sample of 12 galaxies to investigate this re-

lationship, their results indicated a strong correlation between the mass of the SMBH and

the velocity dispersion of the host galaxy (the MSMBH–σ relation). This correlation can be

given explicitly as

log10(MSMBH) = ασ +βσ log10[σ/(200)], (1.1.5)

where σ is the velocity dispersion and with the values ασ =−0.6±1.3 and βσ = 4.8±0.54.

Gebhardt et al. (2000)37 fitted a sample of 26 galaxies with well determined line-of-sight

velocity dispersions, with SMBH masses determined by stellar kinematics and with three-

integral models of Hubble Space Telescope (HST) spectroscopy. Their sample also included

two galaxies whose SMBH masses were obtained via maser dynamical estimates (NGC

4258 and NGC 1068). They found that the correlation between velocity dispersion and

SMBH mass is extremely strong, with a correlation coefficient of 0.93. The scatter of SMBH

mass at fixed velocity dispersion is 0.3 dex, however the intrinsic scatter given the likely

measurement errors was found to be less than 0.15 dex, the correlation is given by

log10(MSMBH) = ασ +βσ log10[σ/(200)], (1.1.6)

with the values ασ = 8.1±1.54 and βσ = 3.75±0.3. Marconi & Hunt 200368 investigated

the relationship between the mass of the SMBH and the mass of the bulge. The authors

4
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find a strong correlation with an intrinsic scatter of 0.15 dex. A study by Gultekin et al.

(2009)47 suggests that the relationship between SMBH mass and velocity dispersion may

be tighter, i.e. has less intrinsic scatter, than the relationship between black hole mass and

bulge mass (or total stellar mass). However, Kormendy et al. (2011)56 showed that the

masses of SMBHs in disc galaxies, do not correlate with their host galaxy.

One problem facing the study of SMBHs is that it can be extremely hard to accurately

measure their mass. Only a few galaxies (∼ 80) have had their central black hole mass

measured (Graham & Scott 2013)45. In the Milky Way we have the luxury of being able

to resolve the proper motions of stars near the SMBH. These measurements enable us to

directly measure the mass of the SMBH (Ghez et al. 2008; Gillessen et al. 2009)42,43.

Recent work has shown that applying the modelling techniques frequently used to constrain

the mass of a central black hole is unreliable. Feldmeier et al. (2014)34 constructed two

integral Jeans models for the Milky Way’s NSC. Compared to the dynamical measurements

made by Ghez et al. (2008) and Gillessen et al. (2009)42,43, Feldmeier et al. (2014)34 found

that the best fitting mass for the SMBH was lower by a factor of two.

Intermediate Mass Black Holes

Intermediate mass black holes (IMBHs) are black holes that have a mass in the range of

100 < MIMBH < 105 M⊙, too massive to be single stars and too small to be SMBHs. IMBHs

are generally found in the centre of globular clusters (GCs), for example M3, M13 and M92

(Kamann et al. 2014)53. In the discs of larger galaxies, IMBHs are found as ultra-luminous

X-ray sources (e.g. Farrell et al. 2009)33.

Lützgendorf et al. (2013)62 studied a sample of 14 galactic GCs finding a strong correla-

tion between the mass of the IMBH and velocity dispersion of the host GC. The correlation

5



Introduction

can be expressed by the standard MSMBH–σ equation

log10(MIMBH) = ασ +βσ log10[σ/(200)], (1.1.7)

with the values ασ = 6.51± 1.94 and βσ = 2.34± 1.63. This scaling relation is similar

to relationships found between the mass of SMBHs and the velocity dispersion of the host

galaxy. However, the relationship for IMBHs is shallower. The authors find a correlation

between the mass of the IMBH and the total mass of the GC, as well as a correlation between

the mass of the IMBH and the total luminosity of the GC. These two scaling relations are

also shallower versions of ones found for large galaxies hosting SMBHs.

IMBHs have also been sought in lower mass galaxies. Peterson et al. (2005)77 studied

the dwarf Seyfert galaxy NGC 4395 and constrained the mass of the central black hole to be

(3.5±1.1)×105 M⊙. Valencia et al. (2012)96 investigated the starburst/Seyfert composite

galaxy IRAS 01072+4954 using HST and 2MASS data. The authors present evidence for

the presence of an IMBH of mass < 105 M⊙ by using the SMBH scaling relations. These

observations, along with others, may help to bridge the gap between SMBHs and IMBHs

(or determine if it is a continuum).

1.1.2 Nuclear Star Clusters

In the early photographic survey of early-type galaxies in the Virgo cluster, Binggeli et

al. (1985)4 found that many of the dwarf elliptical galaxies show unresolved nucleation.

Over the last decade, HST imaging studies have led to the discovery of large, compact

stellar clusters that sit in the centre of most low to intermediate mass galaxies. Côté et al.

(2006)20 revisited the Virgo cluster using HST data and found that 66% ≤ fn ≤ 82%, low

to intermediate luminosity, early-type galaxies were nucleated. This was higher than the

fraction for similar luminosity elliptical obtained by Binggeli et al. (1985)4, because of a

6
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surface brightness selection effect (Côté et al. 2006)20.

These nuclear star clusters (NSCs) have since been found in a wide variety of Hubble

types, suggesting that the link between their formation and the evolution of their host galaxy

is complex (Böker et al. 2010)10. Böker et al. (2002)11 found that ∼ 75 per cent of their

sample of 77 face-on late-type (Scd-Sm) galaxies contained NSCs. Carollo et al. (1997)16

studied earlier-type (Sa-Sc) spirals and showed that ∼ 50 per cent contained a NSC. How-

ever, in more luminous galaxies, brighter than MB ≃ −20.5, NSCs are less common (Côté

et al. 2006; Grant et al. 2005)20,46. NSCs are much more luminous than GCs, with typical

absolute I-band magnitudes of −14 to −10 (Böker et al. 2002; Côté et al. 2006)11,20. They

are also extremely massive and compact, with a mass range of 106−107 M⊙ and a typical

half-light radius within the range of 2−5 pc11,20,39,104

Because NSCs sit at the bottom of their host galaxies’ potential well, they are subject

to different physical conditions than the rest of the galaxy. These conditions can lead to

various distinctive phenomena: active galactic nuclei (AGN), central starbursts and extreme

stellar densities. The scaling relationships discussed so far have been between SMBHs and

their host galaxies, but now NSC scaling relationships relative to their host galaxy will be

discussed. In some cases NSCs and SMBHs are considered as a single class of objects

(CMOs) (Ferrarese et al. 2006)35. A recent example of this is Scott et al. (2013)85, in

which the authors investigate the scaling relationship between the mass of CMOs and the

velocity dispersion of their host galaxy. They find that the strongest correlation is between

the mass of the NSC and the host galaxy’s velocity dispersion. This correlation is shallower

than the relation defined by SMBHs and is given by

log10 MNSC = (2.11±0.31) log10(σ/54)+(6.63±0.09). (1.1.8)

However, Erwin & Gadotti (2012)32 highlighted some of the problems to be considered

when examining these relationships. First, the masses of NSCs are based on the measured
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velocity dispersion of the NSC which can be indistinguishable from that of the surrounding

bulge. Secondly, that NSCs can be found in galaxies with no detectable bulge at all (Seth

at al. 2006)92. Finally, it is difficult to see how one should discriminate between the con-

tribution of velocity dispersion from the bulge and that of the whole galaxy. They go on

to investigate the relationship between NCSs properties of their host galaxy. The authors

compare the NSC to the SMBH mass, bulge mass and total stellar mass. Erwin & Gadotti

(2012)32 found that NSCs scale more closely with total stellar mass, than they do with mass

of the bulge. This has led to the incarnation of a single class of central massive objects

(CMOs). We see that in a specific galaxy the type of CMO that resides in its nucleus is

dependent on the mass of the host galaxy. Galaxies with a mass of . 107 M⊙ generally host

a NSC and more massive galaxies predominantly host SMBHs. These connections between

SMBHs and NSCs leave many questions open. For example, what happens in galaxies like

the Milky Way that host both a NSC and a SMBH?

Another question, that is yet to be conclusively answered, is how do NSCs form? The

suggested scenarios can generally be categorized into two classes: migratory formation

scenarios in which dense clusters form elsewhere in the galaxy then fall into the centre due

to dynamical friction (Chandrasekhar 1943)17 and in-situ cluster build up driven by gas

infall and subsequent star formation (possibly episodic).

Capuzzo-Dolcetta & Miocchi (2008)15 investigated the migratory formation scenario

and found that it is a viable formation scenario under certain initial conditions. Using

self-consistent N-body simulations of four GCs migrating to the galactic centre, Capuzzo-

Dolcetta & Miocchi (2008)15 found that the projected density profile and central kinematics

closely resemble the resolved galactic nucleus. Andersen et al. (2008)1 studied the bulge-

less galaxy NGC 2139. They find a young, cluster that sits 320 pc from the galactic centre.

The authors show that the galaxy is not in dynamic equilibrium and propose that the cluster

may come to rest at the galactic centre within a few 100 Myr, becoming a NSC. Hartmann

8
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et al. (2011)50 also investigated this formation process by comparing observations and dy-

namical models of the NSCs in both NGC 4244 and M33, to an extensive set of N-body

simulations. These simulations form a NSC by letting GCs sink to their centre. The authors

show that the process could produce a wide variety of the observed properties of NSCs such

as the density distribution, structural scaling relations and even rapid rotation. However,

the underlying kinematics of the NSCs did not match with observations as the second order

kinematic moment Vrms was peaked at the centre, contrary to the observations.

On the other hand, infall of molecular gas into the inner few parsecs does occur. A

variety of mechanisms have been proposed for the driving of gas to the central region, in-

cluding magneto-rotational instability (Milosavljević 2004)74 and the action of instabilities

(Shlosman & Begelman 1989)94. This infall would possibly lead to NSC formation and

thus supports the in-situ formation scenario. Further work has been performed on this sce-

nario by Emsellem et al. (2008) and Milosavljević (2004)31,74. A possible driving force in

moving gas to the central region can be found when one considers the impact of the bar’s

potential on the motions of the gas. Sakamoto et al. (1999), Sheth et al. (2005), Wang et al.

(2012)80,93,105 and others all find that barred galaxies harbour more molecular gas and have

increased star-formation in their central regions. This central increase in gas density could

also explain the origin of the gas needed for the in situ-formation hypothesis. Although, this

does not completely solve the issue because NSCs are found in both early- and late-types,

many of which do not contain bars.

Multi-component nature

Assuming that NSCs consist of a single—often spheroidal—component is not unreason-

able for some systems. However, some NSCs display signs that they also host a separate

component that is not well represented by a single spheroid. This has been shown by Schin-

nerer et al. (2003), Rossa et al. (2006), Walcher et al. (2005), Walcher et al. (2006), Seth
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et al. (2006), Seth et al. (2010) and Lyubenova et al. (2013)64,79,82,90,92,103,104. Seth et al.

(2006)92 looked a number of edge-on galaxies that contained NSCs and found evidence that

some host multiple components. These components are very compact with scale lengths and

half-light radii of 2–30 pc. They define two separate components, the nuclear cluster disc

(NCD) and the nuclear cluster spheroid (NCS). Not only do these NSCs have two distinct

components, but the NCDs are made up of younger stars than its spheroidal counterpart.

Seth et al. (2006)92 found the discs to be 0.3–0.6 mag bluer in F606W & F814W than the

reddest parts of the spheroids. This colour difference can be simply interpreted as a differ-

ence in the stellar age, the discs having a stellar population with ages ≃ 1 Gyr. However, it

is also worth noting that as these two components overlap, one would expect the observed

difference to be smaller than that of the actual populations.

1.1.3 NGC 4244

Fig. 1.2 SDSS G, R and I band composite image of NGC 4244. Image credit: David W.
Hogg, Michael R. Blanton and the Sloan Digital Sky Survey Collaboration.

One of the galaxies studied by Seth et al. (2006)92 containing a multi-component NSC
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was NGC 4244. The authors show that NGC 4244 is best fit by the combination of a

spheroid and a disc. The authors also fitted a spheroid and ring, however, this proved be an

inferior fit to the NSC.

Hartmann et al. (2011)50 investigated the role of star cluster merging on the formation

of NSCs. In their study they produced Jeans Anisotropic Multi-Gaussian Expansion (JAM)

dynamical models of both NGC 4244 and M33. These models produced a negative vertical

anisotropy (βz = 1−σ2
z /σ2

R) for the NSC of NGC 4244. However, in N-body simulations

used to form NSCs, from merging star clusters, the remnant contained a centrally peaked

Vrms distribution, contrary to the observations. To remove this effect, the authors show that

the NSC requires at least 50 per cent of the mass accreted to be gas. However, the negative

vertical anisotropy can not be obtained from the accretion of gas. To achieve βz < 0 their

simulations required the merger of star clusters on highly inclined (polar) orbits, containing

a total of at least 10 per cent of the total NSC mass. This vertical anisotropy may be a

product of the multi-component modelling technique.

De Lorenzi et al. (2013)24 dynamically modelled the NSC of NGC 4244 using the

χ2-made-to-measure code NMAGIC, with two separate components. Similar to Seth et al.

(2006)92, De Lorenzi et al. (2013)24 used the combination of a spheroidal component and

a disc component. The models of De Lorenzi et al. (2013)24 also displayed a negative

vertical anisotropy. However, it has been postulated that hosting an IMBH can decrease

the vertical anisotropy of the model by scattering box orbits (Merritt & Quinlan 1998)72.

The upper limit on the central black hole mass was then constrained by including a central

IMBH of mass 0≤MIMBH ≤ 3.0×105 M⊙. While this does increase the vertical anisotropy,

it still remains negative within the effective radius of the NSC. Therefore, the NSC must be

vertically anisotropic even if an IMBH were present. The vertical anisotropy can be removed

in N-body simulations by the accretion of a star cluster. The accretion of a star cluster

containing just 13 per cent of the mass of the NSC can remove this vertical anisotropy.
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Because Cappellari (2008)13 found that a decrease in inclination leads to an increase in

vertical anisotropy, De Lorenzi et al. (2013)24 also measured the vertical anisotropy for

models at different inclinations. They show that the vertical anisotropy does increase, yet

remains negative. Therefore, the vertical anisotropy is not a projection effect and is an

intrinsic feature of the NSC. The authors also found the mass of the NSC to be MNSC =

1.6+0.5
−0.2×109 M⊙ within 42.4 pc and the mass of just the bluer disc component to be 3.6×

105 . MNCD . 14.4×105 M⊙. NGC 4244 lies above the mass scaling relations proposed by

Scott & Graham (2013)85. This thesis addresses the question: is NGC 4244 better modelled

by a single spheroidal component, or by the multi-component models of De Lorenzi et al.

(2013)24?

1.1.4 Messier 33

Messier 33 (M33) is a spiral galaxy in the Local Group, at a distance of 809± 30 kpc

(Scowcroft et al. 2009)86. Early work on the nucleus of M33 by Kormendy & McClure

(1993)57 showed that it was very dense, with a central density of ρ0 & 5× 105 M⊙ pc−3.

Kormendy & McClure (1993)57 also classify M33 as a high-luminosity galaxy because of

its low mass-to-light ratio of M/LV & 0.4. The authors also derive a strict mass limit for the

central black hole of 5× 104 M⊙. More recently, Lauer et al. 199859 studied the nucleus

of M33, finding a central density of ρ0 > 2×106 M⊙ pc−3. Ground based observations of

M33 show no evidence for a central rise in velocity dispersion, which would indicate the

presence of a SMBH (Kormendy & McClure 1993; Lauer et al. 1998)57,59.

Merritt et al. 200171 used the HST to observe M33. They confirmed that neither the

mean velocity nor the mean velocity dispersion rise in the nucleus of M33. They then con-

tinued to construct spherical two-integral models of the nucleus of M33. The authors found

that the best fitting black hole mass was zero and the upper limit was 3×103 M⊙, which puts

M33 off the MSMBH–σ relation of Ferrarese & Merritt (2000)36. Similarly Gebhardt et al.
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Fig. 1.3 2MASS J, H and Ks band composite image of Messier 33 (Jarrett et al. 2003)51.

(2001)38 used observations of M33 from the HST to determine the mass of the central black

hole. They also found no central rise in the velocity or velocity dispersion. By constructing

three-component orbit-based spheroidal models (Schwarzschild 1979), the authors find that

the best fitting black hole mass for M33 is zero and that the upper limit on the black hole

mass is 1.5× 103 M⊙. This upper limit is even lower than that of Merritt et al. (2001)71.

Gebhardt et al. (2001)38 also confirmed that this result is not a projection effect by con-

structing models at different inclinations, from face-on, to edge-on. However, they found

that none of their models could properly match their observed fourth order Gauss-Hermite

moment h4 for the inner few bins (∼ 0.1 arcsec). They confirm that this discrepancy is not

due to an artifact of either the data or the data analysis. Therefore, it is a real feature that

they are unable to reproduce in their models.

During the study by Hartmann et al. (2011)50, the authors found no evidence for non-
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axisymmetry in the NSC of M33. They also find that its position angle (PA) is consistent

with that of the main disc and is elliptical with a vertical flattening of q = 0.7, similar to the

NSCs in edge-on spirals (Seth et al. 2006)92. Hartmann et al. (2011)50 also show that the

density, size and ellipticity of M33 can all be recreated by simulations in which young star

clusters accrete onto a bare NCD. However, the problem of the Vrms remains.

1.1.5 The distribution function

To model a stellar system, we need an expression that defines how the stars are distributed.

This distribution is a product of the motions of stars within a stellar population. One problem

when looking at the motions of star is the effect of other bodies. When looking at GCs

containing ∼ 105 stars these interactions can play a substantial role on the overall evolution

of the cluster. However, for galaxies comprised of ∼ 1011 stars these stellar encounters

are largely unimportant. In these cases where the individual stellar interactions only play a

small role, one may make the assumption that the system is collisionless. In a collisionless

system, the orbit of a particle is only affected by the mean potential generated by all other

particles. For a large number of stars moving under the influence of a smooth potential

φ(xxx, t), at any time t, a full description of the collisionless system is given by a specified

number of stars, within the six-dimensional phase-space volume d3xxxd3vvv. These stars follow

the distribution function (DF),

f (xxx,υυυ , t), (1.1.9)

which gives the probability of a star, at time t, having phase-space coordinates within the

given range. Assuming that all the stars are the same, therefore, the DF gives the probability

of any star 1, . . . ,N, at time t, having phase-space coordinates within the given range (x,x+

dx). Let www = (xxx,υυυ) be the usual Cartesian coordinates, then for a given volume V , the
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probability of finding a star within V is given by

P =
∫
V

f (www) d6www. (1.1.10)

In many applications it is often useful to define the DF in an arbitrary coordinate system WWW ;

then the corresponding DF is F(WWW ). If V is small enough, f and F will be approximately

constant, thus we can take them outside of the integral in equation (1.1.6) giving

P = f (www)
∫
V

d6www = F(WWW )
∫
V

d6WWW . (1.1.11)

If the coordinate system we choose for WWW is canonical, since the phase-space volume is the

same in any canonical coordinate system (Binney & Tremaine 2008)7, we have that

∫
V

d6www =
∫
V

d6WWW . (1.1.12)

Therefore, the DF has the same value at any point in phase-space, in any given canonical

coordinate system. Thus, we can treat www = (xxx,υυυ) as any arbitrary canonical coordinate

system (Binney & Tremaine 2008)7.

As a star moves through phase-space the probability of finding it at a given point in

phase-space changes with respect to time. However, the total probability of finding the

particle in the entire volume must remain constant. This constraint can be thought of as

the conservation of mass in fluid flow, which is described by the continuity equation. The

analogous equation for the conservation of probability in phase-space is given by

∂ f
∂ t

+
∂

∂www
· ( f ẇww) = 0. (1.1.13)
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The Hamilton equations are given by

q̇qq =
∂H
∂ ppp

, (1.1.14a)

ṗpp =
∂H
∂qqq

. (1.1.14b)

Substituting the Hamilton equations into the second term of equation (1.1.9) and using the

chain rule, yields

∂

∂qqq
· ( f q̇qq)+

∂

∂ ppp
· ( f ṗpp) =

∂

∂qqq
·
(

f
∂H
∂ ppp

)
− ∂

∂ ppp
·
(

f
∂H
∂qqq

)
, (1.1.15a)

=
∂ f
∂qqq

· ∂H
∂ ppp

− ∂ f
∂ ppp

· ∂H
∂qqq

, (1.1.15b)

= q̇qq · ∂ f
∂qqq

+ ṗpp
∂ f
∂ ppp

. (1.1.15c)

By substituting equation (1.1.11c) back into equation (1.1.9), we obtain the collisionless

Boltzmann equation
∂ f
∂ t

+ q̇qq · ∂ f
∂qqq

+ ṗpp
∂ f
∂ ppp

= 0. (1.1.16)

The Jeans equations

As the DF is a function of seven variables, the complete solution of the collisionless Boltz-

mann equation is often extremely complex. However, information can still be gained by

taking moments of the collisionless Boltzmann equation. Jeans (1915)52 derived three equa-

tions (first derived by Maxwell), analogous to the Euler equations for fluid flow, to describe

the motion of a collection of stars within a gravitational field. Assuming that almost all
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orbits are regular with non-resonant frequencies these equations are given by

∂ν

∂ t
+∑

i

∂ (νῡi)
∂xi

= 0, (1.1.17a)

∂ (νῡ j)
∂ t

+ν
∂Φ

∂x j
+∑

i

∂ (νυiυ j)
∂xi

= 0, (1.1.17b)

∂ (νῡ j)
∂ t

+νῡi
∂ ῡ j

∂xi
=−ν

∂Φ

∂x j
−

∂ (νσ2
i j)

∂xi
. (1.1.17c)

Here ν(xxx) is the spatial density of stars given by

ν(xxx)≡
∫

f d3
υυυ , (1.1.18)

the mean stellar velocity is given by

ῡi ≡
1

ν(xxx)

∫
f υi d3

υυυ , (1.1.19)

with

υiυ j =
1

ν(xxx)

∫
υiυ j f d3

υυυ , (1.1.20)

and

σ
2
i j = (υi− ῡi)(υ j− ῡ j). (1.1.21)

Here, the stress tensor νσ2
i j describes the anisotropic pressure. When solving the Jeans

equations, the stress tensor is problematic. In a fluid the form of σ2
i j is given by the state of

the fluid, however, in a stellar system we lack an accurate analogue for this. Therefore, in

order to progress using the Jeans equations for stellar systems, some assumptions must be

made.
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Solving the Jeans equations for a spherical density

In order to solve the Jeans equations we must find an expression for the velocity-dispersion

tensor σσσ . A simple expression for σσσ can be found if we assume that the DF depends only on

the Hamiltonian H = 1
2υ2 +Φ(xxx). For this case the system of particles uniformly explores

the energy surface in phase-space. In such a case the velocity dispersion tensor is isotropic,

thus σ2
i j is diagonal, i.e.

σ
2
i j = υiυ j = σ

2
δi j, (1.1.22)

where

σ
2(xxx) =

4π

3ν(xxx)

∫
∞

0
υ

4 f
(

1
2

υ
2 +Φ

)
dυ . (1.1.23)

For a more general expression, we can assume that the DF is spherical and depends on

the Hamiltonian H = 1
2(υ2

r + υ2
t )+ Φ(r) and the angular momentum vector L = rυt . Here

υr and υυυ ttt are the components of υυυ parallel and perpendicular to the radial direction. For

this case the velocity-dispersion is diagonal with diagonal components given by

σ
2
r ≡ υ2

r =
2π

ν

∫
∞

−∞

υ
2
r dυr

∫
∞

0
υt f

[
1
2
(υ2

r +υ
2
t )+Φ,rυt

]
dυt , (1.1.24a)

σ
2
θ ≡ υ2

θ
=

π

ν

∫
∞

0
υ

3
t dυt

∫
∞

−∞

υr f
[

1
2
(υ2

r +υ
2
t )+Φ,rυt

]
dυr, (1.1.24b)

σ
2
φ = σ

2
θ . (1.1.24c)

Solving the Jeans equations for an axisymmetric density

It is not always reasonable to assume the system is spherically symmetric. For an expression

of σσσ which is instead axisymmetric we must consider a DF that depends on the Hamiltonian

and the angular momentum about the symmetry axis Lz = Rυφ . For this case the velocity-
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dispersion is diagonal with diagonal components given by

σ
2
R = υ2

R =
1
ν

∫
υ

2
R dυR

∫
dυz

∫
f
[

1
2
(υ2

R +υ
2
z +υ

2
φ )+Φ,Rυφ

]
dυφ , (1.1.25a)

σ
2
z = σ

2
R, (1.1.25b)

σ
2
φ =

1
ν

∫
(υφ − ῡφ )2 dυφ

∫
dυR

∫
f
[

1
2
(υ2

R +υ
2
z +υ

2
φ )+Φ,Rυφ

]
dυz. (1.1.25c)

For stars in the solar neighbourhood the radial velocity dispersion and the vertical velocity

dispersion are measured to not be the same, i.e. equations (1.1.20c) and (1.1.21b) do not

hold (Binney & Tremaine 1987)6. Therefore, there must be a third isolating integral, which

is generally unknown.

1.1.6 Modelling Techniques

There are numerous methods for constructing models of stellar systems, which can be clas-

sified into the following: distribution function (DF) based, moment-based, orbit-based and

particle-based. We will now briefly look at how these different methods work.

1. DF-based methods solve directly for the DF and usually require all the integrals of

motion to be known explicitly, which is often not the case. These include methods

that fit observables to simple models with analytic DFs such as disc or King models.

Merritt & Tremblay (1994)73 used one of these methods to determine the density

profiles near the centre of the Coma galaxy cluster and M15. They also discuss some

of the problems with DF-based methods, the most significant is the choice of analytic

DF. The choice of an analytic DF function requires the properties of the galaxy to be

properly distinguished and a poorly chosen DF can cause a large bias on the model.

A further problem with a DF-based approach is that generally the population has to

be assumed axisymmetric. However, they lose generality when the DF depends on a

third integral.
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2. Moment-based methods find solutions to the Jeans equations or collisionless Boltz-

mann equation to minimize χ2. These methods generally use one or two isolating

integrals, however, some use a third integral but assumptions are made on its form.

Binney & Mamon (1982)5 used a method of this type to form spherical models of

M87, for comparison with the models constructed by Duncan & Wheeler (1980)29.

Binney & Mamon (1982)5 demonstrate the reliability of the method by testing their

algorithm on data generated from model galaxies of different brightness profiles and

anisotropies. These methods have since been applied to axisymmetric models of el-

liptical galaxies (Binney et al. 1990; Magorrian & Binney 1994; van der Marel et al.

1994)8,66,100. More recently, Cappellari (2008)13 generalized this technique in order

to incorporate the multi-Gaussian expansion (MGE) technique for parametrising the

galaxies photometry. These Jeans Anisotropic MGE (JAM) models have since been

used for modelling galaxies and clusters (Seth et al. 2010; Hartmann et al. 2011; Em-

sellem 2013)30,50,90. However, a drawback is that these algorithms do not guarantee

a positive-definite DF with the required kinematics (Syer & Tremaine 1996)95.

3. Orbit-based methods (Schwarzschild 1979; Schwarzschild 1993)83,84 compute the

density distribution of a large library of orbits in a fixed potential, allowing three

isolating integrals. The orbits are then weighted such that the system reproduces the

desired final state for the system. These methods do not require the integrals of motion

to be known explicitly. Orbit-based methods have been used for modelling a plethora

of different stellar structures. In general orbit-based methods require large amounts of

computing time and often require symmetry assumptions to be made. However, this

is not always the case and triaxial orbit-based models have been constructed (van den

Bosch et al. 2008; Vasiliev 2013)98,102.

4. Particle-based methods (Syer & Tremaine 1996)95 integrate over a particle system

while slowly changing the weights of individual particles. This integration and weight-
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ing is continued until some set of observed values are matched for the observables

of the system. These methods complement orbit-based methods but do not require

the user to store a large library of orbits for the system, only a list of updated par-

ticle weights. This method can accommodate three isolating integrals in their DF.

Such models have been used for galaxies and star clusters (De Lorenzi et al. 2008;

De Lorenzi 2009; Long & Mao 2012; Morganti & Gerhard 2012; De Lorenzi et al.

2013)22–24,60,75
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Observations of nuclear star clusters

2.1 Observational data for NGC 4244 and M33

The observational data for NGC 4244 and M33 that were used for the models in this thesis

were similar to those described in Seth et al (2010)90 for NGC 404. They consisted of

a combination of different data from different instruments including: near-infrared (NIR)

Integral Field Unit spectroscopy from Gemini’s Near-Infrared Integral Field Spectrometer

(NIFS) (These observations are part of the ongoing survey of nearby NSCs led by Seth et

al. (2009)88, optical long-slit spectra from the Multiple Mirror Telescope (MMT) and HST

imaging data from ultraviolet (UV) to NIR. Some observational information is given in

tables 2.1 & 2.2. The kinematics, from the Gemini NIFS data, consist of velocity, velocity

dispersion and the higher order Gauss-Hermite moments h3 and h4 (Gerhard 1993)41.

Reducing the observational data for M33 proved more challenging than for NGC 4244.

The most pressing issue was the presence of bright, young, resolved stars forming large

peaks or deficits in the kinematic data. It was necessary to disentangle the kinematics of

these individual stars from the underlying diffuse light, Seth started by finding all the indi-

vidual stars that were at least 7 pixels from the centre and contributed at least 20 percent of

the light in an individual pixel; a total of 28 stars were identified. These stars’ kinematics
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2.1 Observational data for NGC 4244 and M33

Distance [Mpc] 4.370±0.03a

distance modulus [m−M] 28.20±0.03a

pc asec−1 21.19
Total magnitude [V band] −18.63±0.16b

[K band] −24.1±0.05c

Heliocentric velocity 244±1d

Inclination [degrees] 90e

Position Angle [degrees] 47.2e

Flattening [q] 0.81e

Table 2.1 Properties of NGC 4244.
a Tip of the Red Giant Branch (TRGB) measurement from Seth et al. (2005)91

b absolute magnitude in the visual band (551 nm) measurement from de Vaucouleurs et al.
(1991)27

c absolute magnitude in the K band (2.2 µm) measurement from Jarrett et al. (2003)51

d measurement from Olling (1996)76

e measurement from from Seth et al. (2005)91

Distance [Mpc] 0.809±0.06a

distance modulus [m−M] 24.54±0.06a

pc asec−1 3.92
Total magnitude [V band] −19.41±0.04b

[K band] −20.44±0.04c

Heliocentric velocity [km s−1] -179±3d

Inclination [degrees] 56e

Position Angle [degrees] 38 f

Flattening [q] 0.85

Table 2.2 Properties of M33.
a Tip of the Red Giant Branch (TRGB) measurement from McConnachie et al. (2005)69

b absolute magnitude in the visual band (551 nm) measurement from de Vaucouleurs et al.
(1991)27

c absolute magnitude in the K band (2.2 µm) measurement from Jarrett et al. (2003)51

d measurement from de Vaucouleurs et al. (1991)27

e measurement from Zaritsky et al. (1989)106

f measurement from Corbelli et al. (2010)19

were then fitted to a single pixel containing the largest fraction of the light from this star.

This stellar fit was deemed acceptable only if all of the following conditions were met:
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Observations of nuclear star clusters

1. the fit yields a low dispersion (<10 km/s)

2. a reasonable amount of light has been fitted, subject to a radius of 3-5 pixels from the

object.

Of the 28 stars, ten single-pixel spectra are not well fit by a single star and the affected

regions around these stars have been flagged to be avoided by the model. For stars with

good fits, the best fitting star spectrum was then fit as a “sky background” from 3 pixel

radius apertures around each star to determine the underlying kinematics.

For smoother kinematics it is common to symmetrize the observational data. This can be

thought of as ‘folding’ the kinematic maps at the position angle and comparing each pixel

that are now folded together. In order to do this accurately, we must first know the position

angle (PA). For NGC 4244 the PA is readily given by Seth et al. (2005)91. However, the

PA of M33 is more disputed with a range of values from 0 to 50 (de Vaucouleurs 1959;

Sandage & Humphreys 1980; Zaritsky et al. 1989; Corbelli et al. 2010)19,26,81,106. For the

NIFS data of M33’s NSC we find a best fit PA of 33-39 degrees, therefore, we take the PA

of 38 degrees from Corbelli et al. (2010)19. The new symmetrized kinematics for each pixel

are then given by the following equations,

υsym =±(υ1−υ2)/2, (2.1.1a)

σsym = (σ1 +σ2)/2, (2.1.1b)

h3,sym =±(h3,1−h3,2)/2, (2.1.1c)

h4,sym = (h4,1 +h4,2)/2, (2.1.1d)

where the sign of υsym and h3,sym depend on which side of the map under are consideration.

This can smooth the kinematic maps, however, if the original map has large peaks or deficits,

this process doubles the amount of these problematic regions. Therefore, the map that is

going to be symmetrized needs to be relatively smooth to begin with. Otherwise, one must
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note every pair of pixels where their absolute values are very different and implement some

process to determine which value is correct, which introduces a selection bias. We chose

to ignore bins in which the absolute values of the kinematics were different by one or more

orders of magnitude.

2.2 Fitting

The fitting of analytical functions to light distributions is the first step in dynamical mod-

elling galaxies. By fitting an analytical function one can better understand the structure of

the object but a bias is introduced by the functional form. First we must determine the shape

of the object. Initally NSCs were thought to be similar to elliptical galaxies, therefore, the

fitting functions for elliptical galaxies were often used to model the distribution of light in a

NSC. For elliptical galaxies one of the early functional forms was the de Vaucouleurs (r1/4)

law (de Vaucouleurs 1948)25, given by

I(r) = Ie exp

{
−7.67

[(
r
re

)1/4

−1

]}
, (2.2.1)

where I(r) is the intensity at radius r and Ie is the intensity at the effective radius re, which

encloses half of the total light. This is an empirical law which has been used to fit the surface

brightness profiles of many galaxies and can even be used to fit some classical bulges. A

generalisation of this law was proposed by Sérsic (1963)87 by defining

I(r) = Ie exp

{
−bn

[(
r
re

)1/n

−1

]}
, (2.2.2)

where, bn is used to describe the shape and n is the Sérsic index (which is positive and

real). The Sérsic index n allows the profile to be very versatile, for example 1.5 < n < 20

can describe elliptical galaxies while 1 < n < 2 can be used to describe pseudo-bulges. For
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n = 4 the de Vaucouleurs law is recovered. Sérsic profiles are often used to fit bulges44, but

can also be used to fit some elliptical galaxies well and is used commonly to fit NSCs (for

review of the properties of the Sérsic profile, see Ciotti & Bertin 1999)18.

Because it is possible that NSCs form out of the merging of globular clusters, it is reason-

able to assume that NSCs also follow the same light distribution. King (1978)54 proposed a

distribution function for globular clusters by treating them as truncated isothermal spheres,

defining the King profile

Σ(r) = Σ0

[
1√

1+(r/rcore)2
− 1√

1+(rtidal/rcore)2

]
, (2.2.3)

where Σ(r) is the projected surface brightness at radius r, Σ0 is the central surface brightness,

rcore is the core radius at which the brightness is half the central brightness and rtidal is the

tidal radius at which point the brightness vanishes. The King profile has been used to fit

many globular clusters (Harris et al. 1991; McLaughlin 1995; Kissler-Patig & Gebhardt

1998; Rhode & Zepf 2001; Harris 2009)48,49,55,70,78 and some NSCs (Böker et al. 2004;

Seth et al. 2006)12,92. However, most NSCs are not spheres but spheroidals with some

flattening coefficient q, which is given by the axial ratio (minor/major). If we account for

this the King profile becomes

Σ(R) = Σ0

[
1√

1+(R/rcore)2
− 1√

1+(rtidal/rcore)2

]
, (2.2.4)

with R =
√

x2 +(z/q)2. (2.2.5)

An example of a galaxy with a NSC that is best fit by a single component King model is the

SBc galaxy NGC 4144 (Seth et al. 2006)92.

Numerous NSCs are comprised of not just a spheroidal component but also a disk com-
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ponent (Seth et al. 2006)92. This requires models with two different components, a nuclear

cluster spheroid (NCS) and a nuclear cluster disc (NCD), each having very different light

distributions. For the NCS one can either use a Sérsic profile, or a King profile and for the

second component one can either use a disc profile, or a ring profile. A simple disc profile

can be expressed as

Σ(r) = Σ0 exp

[
−r
re

]
. (2.2.6)

A disc in combination with a Sérsic or King profile can fit the surface brightness of some

NSCs well (for example NGC 4244; Seth et al. 2006)92. However, a King profile can also

be used with a ring profile, which contributes a small amount of light in the centre but more

light further out. An example of a ring profile from Seth et al. (2006)92 can be expressed as

follows,

Σ(x,z) =



2ρ0sech2
(

z
z0

)(√
r2

out − x2−
√

r2
in− x2

)
, x < rin

2ρ0sech2
(

z
z0

)(√
r2

out − x2
)

, rin < x < rout

0, else.

Various combinations of King, Sérsic, disc and ring can be used when modelling NSCs.
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Chapter 3

Made-to-measure modelling

3.1 Classical made-to-measure modelling

This section follows the work of Syer & Tremaine (1996)95 (hereafter ST96) and De Lorenzi

et al. (2007)21 (hereafter DL07). The made-to-measure (M2M) algorithm is designed to

build a particle-based dynamical model of some target system. The algorithm adapts the

system by changing the weights of the particles moving in the global potential, minimizing

the differences between the model and the target’s observables. These observables can be

the density distribution and/or the line-of-sight kinematics. Any observable of a system can

be characterized by a distribution function (DF) f (z). These observables are defined as

Yj =
∫

K j(zzz) f (zzz)d6z, (3.1.1)

where K j is a known kernel and z = (r,v) are the phase-space coordinates. The equivalent

observable of the particle model is given by the equation

y j(t) =
N

∑
i=1

wiK j[zzzi(t)], (3.1.2)
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where wi are the weights and zzzi are the phase-space coordinates of the particles. For the

following, we set the weights to unity such that wi = 1, for i = 1, . . . ,N. Thus, the mass

of each particle can be defined with respect to the total mass of the system simply as mi =

wiM/N, where M is the total mass of the system. Given any set of observables Y j, j =

1, . . . ,J, we want to form a system of N particles orbiting in the system’s potential, such that

the observables of both systems converge to some defined χ2. The most important part of the

algorithm is defining how the weights of the particles are to change. The ‘force-of-change’

(FOC), which describes how the weights change, can be defined as

dwi(t)
dt

=−εwi(t)
J

∑
j=1

K j[zzzi(t)]
Z j

∆ j(t). (3.1.3)

Here,

∆ j(t) =
y j(t)
Yj

−1 (3.1.4)

measures the difference between the observables of the target and the model, where ε is a

small positive constant and the Z j are all arbitrary constants. The dependence on wi ensures

that the FOC will never force a particle’s weight to become negative. The dependence of

the kernel K j ensures that a mismatch in observable J only influences the weight of particle

i if that particle would contribute to the observable j. The choice of ∆ makes the algorithm

closely related to Lucy’s method (Lucy 1974)61 which iteratively solves an integral equation

for the distribution from observational data (see Box 3.1.1).

Due to the number of particles normally greatly exceeding the number of independent

constraints, the solution of any set of differential equations of the form of the FOC, will

be under-determined. This means that the weights of the particles can change and yet the

observables of the model will remain constant. From ST96 a solution to this problem is to

maximize the merit function

F = µS− 1
2

χ, (3.1.5)
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with

χ
2 =

J

∑
j=1

∆
2
j (3.1.6)

and the entropy

S =−
N

∑
i=1

wi log
(

wi

ŵi

)
(3.1.7)

is a profit function. {ŵi} is a set of predetermined weights called the priors. Since

µ
∂S
∂wi

=−µ

[
log

(
wi

ŵi

)
+1

]
, (3.1.8)

if a particle has weight wi < ŵi/e then the equation becomes positive, however, when wi >

ŵi/e, the equation becomes negative. Therefore, the entropy forces the particle weights to

remain close to their corresponding prior in the set {ŵi/e}. From this we fix Z j to Yj and

can now replace the equation for the FOC with

dwi(t)
dt

= εwi(t)

[
µ

∂S
∂wi

(t)−
J

∑
j=1

K j[zzzi(t)]
Yj

∆ j(t)

]
, (3.1.9)

where µ is a constant governing how close the weights must remain to their priors. For

large values of µ the weights {wi} will remain close to their priors {ŵi/e} and for small

values of µ the weights {wi} may deviate greatly from their priors. For the following we

adopt ŵi = w0 = 1/N, however, this is not necessary. Temporal fluctuations can often be a

problem when dealing with a small number of particles N, therefore, ST96 & DL07 both

adopt a temporal smoothing function by replacing ∆ j with ∆̃ j, where

∆̃ j(t) = α

∫
τ=∞

τ=0
∆ j(t− τ)e−ατ dτ, (3.1.10)
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and α is small and positive. ∆̃ j can also be thought of as the differential equation

d∆̃

dt
= α(∆− ∆̃), (3.1.11)

where 1/α is the smoothing time. This equation helps to reduce the fluctuations in the

model’s observables. This also ensures that the particle weights change smoothly. Temporal

smoothing can be thought of as effectively smearing the particle back along its orbit creating

a number of ‘ghost’ particles. This modelling technique can be implemented to great effect

for modelling density distributions (e.g. Bissantz et al. 2004)9.

Box 3.1.1: Lucy’s method

For fairly simple observed distributions, it can be difficult to determine the distribution

function analytically. Lucy’s method is an iterative numerical technique for finding the

frequency function of a given quantity from an observed distribution. Lucy’s equations

are given as

φ(x) =
∫

ψ(ξ )P(x|ξ ) dξ , (3.1.12a)

ψr+1(ξ ) = ψr(ξ )
∫

φ̃(x)
φr(x)

P(x|ξ ) dx, (3.1.12b)

φ̃(x) =
1
N

N

∑
n=1

δ (x− xn). (3.1.12c)

Here φ(x) is the observed distribution, ψ(ξ ) is the frequency distribution of quantity ξ ,

P(x|ξ ) is the probability that x′ will fall in the interval (x,x + dx) and δ (x) is Dirac’s

delta function. For our purposes φ(x) is the observed density of the stellar system, ψ(ξ )

is the distribution function of mass ξ .
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3.1.1 NMAGIC: a χ2-made-to-measure modelling algorithm

This section describes the N-particle Made-to-measure AlGorithm mInimizing Chi squared

(NMAGIC) code of DL07. This algorithm is a direct descendent of the ideas proposed by

ST96 discussed above, with some new additions. The first important extension that was

implemented by DL07 was the inclusion of a way to account for observational errors. This

incorporation of observational errors enables us to compare the model to the observables

much more physically and can now include more observable information like the error range

of the kinematics. When the model is projected to the inclination of the target and compared

with the observations of the system, accounting for the observational errors is vital to ensure

χ2 is measured correctly. This was achieved by changing the equation that calculates the

deviation between the model and the target observables. From ST96, the FOC equation is

given by

∆ j(t)≡
yi(t)
Yj

−1, (3.1.13)

DL07 replace this equation with

∆ j(t)≡
yi−Yj

σ(Yj)
, (3.1.14)

where σ(Yj) is the error in the target observable. With this definition of ∆ j, equation (3.1.7)

now measures the absolute χ2. If we now maximize equation (3.1.6) with respect to wi, we

find the following condition

µ
∂S
∂wi

−
J

∑
j=1

K ji

σ(Y j)
∆ j = 0. (3.1.15)

From this we can now substitute into equation (3.1.10) to obtain the new equation for the

FOC,
dwi(t)

dt
= εwi(t)

[
µ

∂S
∂wi

−
J

∑
j=1

K j[zzzi(t)]
σ(Yj)

∆ j(t)

]
. (3.1.16)
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Thus, the weights will have converged when the terms in the brackets are balanced with

respect to all wi, i.e. when F is maximized. For large µ the weights will be smoothly

distributed, however, this will likely compromise the convergence of χ2.

Following DL07 we now characterize the solutions of equation (3.1.16) by using an

argument similar to the one used in ST96. For small ε , the weights wi will only change

over many orbits, this means that we can orbit-average over the period torbit ≪ τ ≪ torbit/ε .

Thus, we can write the equation for the orbit-averaged ∆̄ j as

d∆̄ j(t)
dt

=−εAAA jk∆̄ j(t), (3.1.17)

with AAA being a matrix with elements given by

AAA jk = Σi
K̄ jiK̄ki

σ jσk
wi(t). (3.1.18)

However, near convergence there is little change in wi(t) with respect to time, therefore, we

can replace it with a set of constants w0
i giving us

AAA jk = Σi
K̄ jiK̄ki

σ jσk
w0

i . (3.1.19)

The matrix AAA is symmetric as

AAA jk = AAAk j = Σi
K̄kiK̄ ji

σkσ j
w0

i = Σi
K̄ jiK̄ki

σ jσk
w0

i , (3.1.20)

therefore, as AAA is symmetric and real, it is Hermitian and thus the eigenvalues of AAA are also

real. Equation (3.1.17) converges exponentially to ∆̄ j(t) = 0 at which point the weights have

also converged. As in the previous section the modelling process will still suffer from tem-

poral fluctuations, therefore, we need to incorporate a temporal smoothing function. ST96

imposed smoothing by effectively smearing the particle backwards along its orbit but inte-
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grating the FOC over some smoothing time τ . However, in this case we do it more directly

by simply integrating the observable y j over the smoothing time, giving the smoothed FOC

equation as

∆̃ j(t)≡
ỹi−Yj

σ(Yj)
. (3.1.21)

Where ỹi is the temporally smoothed observable obtained from

ỹ j(t) = α

∫
τ=∞

τ=0
y j(t− τ)e−ατ dτ. (3.1.22)

This smooths the observables by effectively increasing the number of particles at each orbit.

This means that our FOC should now change the particle weights much more consistently

and not create large amounts of noise by adding and subtracting weight from the particle at

a rate which is unreasonably fast.

Observables

For the target observables we use the following,

• coefficients of the spherical harmonic expansion,

• velocity and velocity dispersion obtained from the average of the best fitting Gaussian

to the line of sight velocity distribution and its standard deviation, respectively,

• the higher order Gauss-Hermite moments h3 and h4.

These values will be discussed in more detail in the following sections.

Densities

For modelling the target distribution of stars we adopt a spherical harmonic expansion of

the three-dimensional density (see appendix 1). The reason for this is that most NSCs

are spheriodal, therefore, adopting a spherical harmonic scheme can greatly increase the
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3.1 Classical made-to-measure modelling

Fig. 3.1 A flow chart illustrating the internal workings of NMAGIC. The left side of the
flow chart is the heart of the χ2M2M algorithm, while the potential solver is generic for
most modelling techniques and simply acts to move the particles along their orbits in the
system’s potential.

calculation speed of the differential equation solver. This is done by expanding the density in

surface harmonics on a radial mesh of radii rk. The expansion coefficients, Alm are computed

using a cloud-in-cell scheme. This means that the cell which may contain many particles is

treated as a particle, where its kinematics and mass are given by the particles residing within
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it. The contribution of the weight wi of a particle at radius r, to the shell k, is defined as

γ
CIC
k (r) =



r−rk−1
rk−rk−1

, if rk−1 < r < rk,

rk+1−r
rk+1−rk

, if rk < r < rk+1,

0, else.

Thus, the observable is the mass of each shell k given by

mk = M
N

∑
i=1

wiγ
CIC
k (ri)≡M

N

∑
i=1

wiγ
CIC
ki . (3.1.23)

From this we can recognize the kernel for this set of observables is simply Ki j = MγCIC
ki .

Therefore, the FOC can be thought of as the linear interpolation of the contributions of the

two adjacent shells ki−1 and ki+1. Thus, the FOC is given by the equation

∆k(m) =
mk−Mk

σ(Mk)
, (3.1.24)

where Mk is the mass of shell k and σ(Mk) is its error. The spherical harmonic coefficients,

alm, for each cell of the particle model with l > 0 are given by

alm,k = M
N

∑
i=1

γ
CIC
ki Y m

l (θi,φi)wi. (3.1.25)

Thus, the kernel can be rewritten with respect to spherical harmonics giving

Klm,ki = Mγ
CIC
ki Y m

l (θi,φi). (3.1.26)

The FOC can also be rewritten with respect to spherical harmonics as

∆lm,k(alm) =
alm,k−Alm,k

σ(Alm,k)
, (3.1.27)
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with Alm,k as the target moments and σ(Alm,k) the uncertainty.

Kinematics

The shape of the line-of-sight velocity profile can be approximated by a Gaussian (Gerhard

1993)41 and therefore, an appropriate way to represent the velocity profile would be the

use of a Gauss-Hermite expansion with coefficients hn for n = 1, . . . ,nmax. To compare the

model’s kinematics to that of the target, we project the system to the inclination and posi-

tion angle of the target system. As the bracketed terms in equation (3.1.10) must balance for

the model to converge and have the correct units, the observables must have a mass com-

ponent. Because of this constraint DL07 choose to use the mass-weighted Gauss-Hermite

coefficients for the kinematic observables. From DL07 particle weights are assigned to a

set of spatially distributed cells, Cp. However, only certain particles will contribute to the

kinematics and weight of a given cell, thus we define a selection function δ such that

δpi =


1, for (yi,zi) ∈ Cp,

0, else.

For the mass-weighted kinematic moments for each cell we have

bn,p = mphn,p (3.1.28)

where mp is the mass of cell Cp and hn,p is the respective Gauss-Hermite coefficient for the

given cell. As in DL07 we define the velocity of each particle within a cell with respect to

the mean light-of-sight velocity Vp and mean line-of-sight velocity dispersion σp of the cell

from the best fitting Gaussian of the observational data such that

υpi =
υx,i−Vp

σp
, (3.1.29)
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and the mass of each cell is given by the sum

mp = M
N

∑
i=1

δpiwi. (3.1.30)

From Gerhard (1993)41 we adopt the set of dimensionless unnormalised Gauss-Hermite

functions

un(υ) = 1/(2n+1
πn)−1/2Hn(υ)exp

−υ2

2
, (3.1.31)

where Hn is the standard set of Hermite polynomials of the form

Hn(x) = (−1)nex2 dn

dxn e−x2
. (3.1.32)

Therefore, the Gauss-Hermite coefficients are given by the sum

hn,p = 2
√

π

N

∑
i=1

δpiun(υpi). (3.1.33)

Thus from equations (3.1.26), (3.1.28) & (3.1.31) we have that

bn,p = 2
√

π

N

∑
i=1

δ
2
piun(υpi)wi, (3.1.34)

however, δpi is unity or zero for all p & i, therefore,

bn,p = 2
√

π

N

∑
i=1

δpiun(υpi)wi. (3.1.35)

Again as for the densities we must introduce a kernel to ensure that when comparing the

kinematics of the model to that of the observational data we are excluding the contribution

of particles that should not contribute. Thus, for the mass-weighted higher-order Gauss-
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Hermite moments, we construct the kernel

Kn,pi = 2
√

πMδpiun(υpi), (3.1.36)

and the FOC is given by

∆n,p[mhn] =
bn,p−Bn,p

σ(Bn,p)
. (3.1.37)

For an alternative to this approximation we follow the notation of van der Marel & Franx

(1993)101. Here L is the unnormalised line of sight velocity distribution, with L = γ0L0

where L0 is the normalised line of sight velocity distribution and γ0 is the total luminosity

in the corresponding observational bin. From van der Marel & Franx (1993)101, a well-

behaved L can be expanded as

L (υ) = γ
α(w)

σ

N

∑
i=0

hiHi(w), (3.1.38)

with α(y) being a standard Gaussian, w = (υ−V )/σ , and Hi are the Hermite polynomials.

The hi Gauss-Hermite moments depend on the particular choice of γ , V , σ and are given by

hi = (2
√

π)
γ0

γ

∫
∞

−∞

Lo(υ)α(w)Hi(w) dυ . (3.1.39)

This expansion converges as N tends towards infinity to the correct L for any γ , V and

σ . However, it is often useful to get a good approximation for a finite N. Thus, we must

choose γ , V and σ in a reasonable way. Typically, γ , V and σ are obtained from a best fitting

Gaussian. For this choice of γ , V , and σ

h0 = 1, h1 = h2 = 0. (3.1.40)

By imposing equation (3.1.40), van der Marel & Franx (1993)101 replaced equation (3.1.38)
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with

L (υ) = γ
α(w)

σ

[
1+

N

∑
i=3

hiHi(w)
]

(3.1.41)

We take V and σ to be the average and standard deviation, respectively, of the best fitting

Gaussian to the line of sight velocity distribution. In a similar fashion to the van der Marel

& Franx (1993)101, we set h0 = 0, h1 = h2 = 0. The target observables are obtained using

the program pPXF from Cappellari & Emsellem (2004)14 using the van der Marel & Franx

(1993)101 method. Because of this we also use this method for calculating the observables

of the model.

Initial conditions

For the initial conditions of the model we choose a sphere with the major-axis density profile

given by the target NSC. The mass density is normalized by setting the mass-to-light ratio to

unity and the gravitational potential is computed. Following Gerhard (1991)40, the isotropic

DF is computed and integrated to generate a set of 0.75M equal mass particles. A benefit

of M2M is that, because of the particle splitting, the initial conditions of the model do not

need to be very close to the final model. This means that as a particles’ weight increases

it becomes increasingly likely that the particle will be subdivided into n particles of weight

wn = w/n, subject to w/n≈ w0. Moreover, as the weight of a particle decreases it becomes

increasingly likely that the particle will be removed from the model. This method of particle

splitting, or resampling, is explained in more detail in Dehnen (2009)28.
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Chapter 4

Results

4.1 Single component model of NGC 4244

To ensure that NMAGIC was producing reasonable models, we constructed a number of

single component models of NGC 4244 using similar data to that used to model NGC 4244

in DL13. We constructed models with various mass-to-light ratios (M/LNSC) for the NSC,

and with different BH masses (see Table 3.1).

4.1.1 Deprojection

To adequately model the luminosity distribution of a stellar system, we must know to a

reasonable level the three-dimensional density distribution. However, direct observations

only give a two-dimensional distribution. Thus, we need to convert the two-dimensional

projected luminosity distribution into a three-dimensional distribution for each component

individually to model them. The projected surface brightness can be thought of as the inte-

gral of the deprojected surface brightness with respect to z, therefore, we can say

I(R) =
∫

∞

−∞

ρ(r) dz, (4.1.1)

41



Results

where I(R) is the projected surface brightness at projected radius R and ρ(r) is the brightness

at spatial radius r. With r2 = z2 +R2, using the chain rule

dz =
d
dr

√
r2−R2 dr =

r dr√
r2−R2

. (4.1.2)

Substituting equation (4.1.2) into equation (4.1.1) gives

I(R) =
∫

∞

R
Σ(r)

r dr√
r2−R2

. (4.1.3)

This is an Abel integral and as such we can invert the equation to give it in terms of Σ(r) as

Σ(R) =− 1
π

∫
∞

r

dI
dR

(R)
dR

(
√

r2−R2)
, (4.1.4)

Equation (4.1.4) assumes spherical symmetry which, for many systems, is not a valid as-

sumption.

The deprojection of an exponential disc profile is given by van der Kruit & Searle

(1981)99, to be

ρ(R,z) = ρ0e−R/hrsech2(z/z0), (4.1.5)

where ρ0 = Σ0/(2hr), he is the effective radius, and z0 a scale parameter. This can be applied

to the main disc of the galaxy (MD) and NCD of the NSC, however, the deprojection of a

Sérsic, ring or King profile for the NCS are more complex to deproject analytically (these

different surface brightness profiles are discussed in section 2.2). Therefore, we use the pro-

gram of Magorrian (1999)65 to numerically deproject the surface brightness profile of the

NCS. The program fits a smooth axisymmetric density distribution to the surface brightness

distribution at a given inclination. However, as the deprojection is being calculated numeri-

cally, the reprojected surface brightness profile might not match the fitted surface brightness

profile perfectly.
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4.1 Single component model of NGC 4244

Comp. Σ0
[L⊙pc−2]

ρ0
[L⊙pc−3]

hr
[pc]

z0
[pc]

q Ie
[L⊙ pc−2]

re
[pc]

n

MD 598 0.167 1783 469
NCD 1.41×105 2.08×104 3.39 1.19
NCS 0.81 8.73×103 10.86 1.68

Table 4.1 Parameters for the best fitting three-component model NGC 4244 from24,89,91.
The main disc (MD) and nuclear cluster disc (NCD) are fitted by two exponential disc
profiles, while the nuclear cluster spheroidal (NCS) is fitted by a Sérsic profile. However,
due to the volume density of the NSC being around a million times greater than that of the
MD89 we neglect the effect of the MD when fitting the observational data.

4.1.2 Density

We used the deprojection code of Magorrian (1999)65 to produce a deprojected surface

brightness profile from isophotes fit by a two component Sérsic and disc profile (see table

3.1 for the fit parameters), assuming an inclination of 90◦ from Table 2.1. The deprojected

SB is plotted in Figure (4.2).
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Fig. 4.1 Comparison of the deprojected SB profile of the NSC compared to the observational
fit from HST data in the F814W band.

To check the deprojection we compare the reprojected SB profile with the fitted obser-

vational data in Figure (4.3). The deprojected luminosity profile is in good agreement with
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its projected counterpart. For the this thesis we treat the three-component profile as a single

component. We assume that the mass distribution follows the luminosity distribution for a

given mass-to-light ratio M/LNSC = 1.3 given by DL13 as the best fitting mass-to-light ra-

tio for the NCS. We now employ a three-dimensional spherical harmonic expansion scheme

described in section (3.1.1). With this density distribution in our spherical harmonic scheme

we can now model it using NMAGIC. To produce this initial population we use the method

from Lucy (1974)61 (see box 3.1.1) to compute the distribution function from the spherical

density distribution.

Fig. 4.2 Left: Deprojected luminosity contour plot of our single component fit for NGC
4244. Right: the deprojected mass distribution of NGC 4244 used as observables for mod-
elling with NMAGIC.

4.1.3 Kinematics

To improve our model we also include the kinematics of NGC 4244 as extra observables

for the model to be constrained by. For the kinematics we use the line-of-sight velocity,

velocity dispersion, and the higher order Gauss-Hermite coefficients h3 and h4, given by the

Gemini NIFS data and reduced using IRAF and IDL by Anil Seth (see chapter 2) for DL13.

However, we also need to include the possibility of the NSC hosting a black hole. This
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is done by modelling the central black hole using a Plummer model. We choose a Plummer

sphere as it is well suited to describe a spherical system that has constant density at small

radii, and the density falls off to zero at large radii. The potential of a Plummer model is

given by

φ =− GM√
r2 +b2

, (4.1.6)

where G is the gravitational constant, M is the total mass of the system (or in this case

the mass of the black hole), r is the radius, and b is the Plummer scale length (Binney

& Tremaine 2008)7.The addition of a black hole will greatly change the dynamics of the

system, therefore, we must take care when we first add it to the potential of the system. As

such we adiabatically implement the potential of the black hole over some growth time. We

set b = 0.1 pc for NGC 4244 and ran 29 models of NGC 4244 using different mass-to-light

ratios and different black hole masses with NAMGIC (see table 3.2 & figure 3.5).

The number of particles for each run is set to be Np = 7.5× 106 and the integration

scheme was based on the Runge-Kutta method for approximating ordinary differential equa-

tions. We set the dimensionless constants required by the made-to-measure method to be,

ε = 0.02, µ = 0.2×10−6, α = 2.1ε and the set of priors are given by w0 = 1.

The density distribution of our models fit the deprojected distribution obtained from HST

data in the F814W band. To compare our single component models to the observational data

we plot the luminosity-weighted kinematic data from run 007 (see table 4.2) and compare

to the symmetrized NIFS integral-field kinematic data of NGC 4244 in figure 4.5. For

comparison we also include the similar plot from DL13 in which they compare two of their

multi-component models to the symmetrized NIFS integral-field kinematic data of NGC

4244, one of which contained a black hole of mass 3.0× 105 M⊙. We find that our single

component models compare well to the multi-component models of DL13.

We also find that our models can converge to the observational data for NGC 4244 while

including the potential of a central black hole of mass ∼ 5× 105 M⊙. However, when we
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Model BH Mass [ M⊙] M/LNSC χ2 χ2
reduced

006 3.2×104 1.7 227 0.622
007 6.5×104 1.7 235 0.643
008 1.3×105 1.7 351 0.688
009 3.2×104 1.5 223 0.611
010 6.5×104 1.5 219 0.601
011 1.3×105 1.5 219 0.601
012 3.2×104 1.3 308 0.843
013 6.5×104 1.3 290 0.794
014 1.3×105 1.3 263 0.722
015 3.2×104 1.9 281 0.77
016 6.5×104 1.9 296 0.811
017 1.3×105 1.9 326 0.894
018 0 1.3 332 0.910
019 0 1.5 236 0.646
020 0 1.7 225 0.620
021 0 1.9 269 0.737
022 2.5×105 1.3 237 0.648
023 2.5×105 1.5 231 0.634
024 2.5×105 1.7 290 0.795
025 2.5×105 1.9 383 1.048
027 5.0×105 1.3 234 0.64
028 5.0×105 1.5 279 0.765
029 5.0×105 1.7 372 1.019
030 5.0×105 1.9 485 1.33
031 1.0×106 1.3 683 1.87
032 1.0×106 1.5 402 1.10
033 1.0×106 1.7 402 1.10
034 1.0×106 1.9 413 1.13
035 2.0×106 1.3 508 1.39
035 2.0×106 1.5 664 1.82
035 2.0×106 1.7 814 2.23
035 2.0×106 1.9 923 2.53

Table 4.2 Converged NMAGIC models of NGC 4244 including density and kinematics. The
set of models contain central black holes spans mass range 3×104−2×106, from IMBHs
to low mass SMBH. Covering the mass-to-light ratio values of 1.3–1.9. The values for
χ2

reduced are based on 365 observables for the kinematics.
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4.1 Single component model of NGC 4244
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Fig. 4.3 Reduced χ2 versus nuclear black hole mass for different mass-to-light ratios for
the NSC of NGC 4244. For high mass-to-light ratios the χ2 grows as the black hole mass
increases, however, for a lower mass-to-light ratio as the black hole mass increases we find
χ2 decreasing.

go to higher mass-to-light ratios M/LNSC > 1.3 it becomes harder to match the observables

when including a central black hole. A similar result was found by the multi-component

models of DL13. Moreover, when we look at the internal kinematics of the NSC we find

that we reproduce the negative vertical anisotropy found in the multi-component model of

DL13 (see figure 4.4).
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Fig. 4.4 Two plots of run 007, which has a BH mass of 6.5×104 M⊙, a mass-to-light ratio
of M/LNSC = 1.7 and a reduced χ2 of 0.643 (based on 365 observables for the kinematics).
Left: the line is the mass distribution of the model and the dashes represent the target dis-
tribution from the deprojection of the surface brightness from the HST in the F814W band.
Right: from top to bottom, velocity dispersion σ with respect to each cylindrical coordinate
r,φ and z, the rotational velocity νφ and the vertical anisotropy βz.

Fig. 4.5 Top: the symmetrized NIFS integral-field kinematic data of NGC 4244 within±0.7
arcsec of the centre, bottom: luminosity-weighted kinematic data taken from run 007, which
has a BH mass of 6.5×104 M⊙, a mass-to-light ratio of M/LNSC = 1.7. From right to left
the maps show, line-of-sight velocity υ , line-of-sight velocity dispersion σ and higher the
order Gauss-Hermite moments h3 and h4.
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4.1 Single component model of NGC 4244

Fig. 4.6 Figure taken from De Lorenzi et al. (2013)24 for comparison. Top: the symmetrized
NIFS integral-field kinematic data of NGC 4244 within ±0.7 arcsec of the centre. Middle:
luminosity-weighted kinematic data taken from the best fitting model M2 with the mass-
to-light ratio of M/LNSC = 1.3 and no central BH. Bottom: luminosity-weighted kinematic
data taken from the best fitting model M6 with the mass-to-light ratio of M/LNSC = 1.3 and
a central BH of mass MBH = 3.0×105 M⊙. From right to left the maps show, line-of-sight
velocity υ , line-of-sight velocity dispersion σ and higher the order Gauss-Hermite moments
h3 and h4.
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4.2 Preliminary results for M33

As described in chapter 3, to accurately model the distribution of stars in an inclined galaxy

or NSC we must first deproject the density distribution to obtain the intrinsic three-dimensional

distribution. We take the luminosity distribution from the F814W band of HST and now de-

project the luminosity using the code of Magorrian (1999)65. Again here the reprojected

luminosity distribution is not an exact match to the observed data illustrated in figure (4.3).

In a similar way to chapter 3 we assume a mass-to-light ratio for the nuclear star cluster

M/LNSC, which enables us to transit from surface brightness to density. Figure 4.7 shows

the comparison between the reprojected luminosity distribution and the observed projected

luminosity distribution and figure 4.8 shows the deprojected luminosity contours and the

corresponding mass distribution.
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Fig. 4.7 Reprojected surface brightness of M33 compared with the observed surface bright-
ness from HST data in the F814W band.
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4.2 Preliminary results for M33

Fig. 4.8 Left: Deprojected luminosity contour plot of our single component fit for M33
based on data from the HST in the F814W band. Right: the deprojected mass distribution
of M33 used as observables for modelling with NMAGIC.

With this deprojected density distribution we now expand the density in spherical har-

monics as described in chapter 3. For our model we also require an initial population of par-

ticles for the model to be reweighted in order to match the density distribution. To produce

this initial population we use the method from Lucy (1974)61 (see box 3.1.1) to compute

the distribution function from the spherical density distribution. With this distribution func-

tion we must now define some set of particles with equal mass, spaced with respect to the

distribution function (i.e. in higher density regions the particles will be more closely spaced

then in a less dense region). We then constructed a density model from these data using

NMAGIC. In a similar fashion to the model for NGC 4244 the number of particles for each

run is set to be Np = 7.5× 106 and the integration scheme was based on the Runge-Kutta

method. We also set the constants required by the made-to-measure method to be, ε = 0.02,

µ = 0.2× 10−6, α = 2.1ε and the set of priors are given by w0 = 1. Figure 4.9 shows the

evolution of χ2 as the model converges to the target’s deprojected density distribution and

the models mass distribution once it has converged.
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Fig. 4.9 Left: evolution of reduced χ2
Alm

during the modelling run. Right: mass distribution
of our density model is shown by the line and the dashes represent the target distribution
from the deprojection of the surface brightness from the HST in the F814W band.
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Chapter 5

Conclusions and discussion

5.1 Single component models of NGC 4244

Our single component models of NGC 4244 based on the NIFS integral-field kinematics

and HST F814W band data, agree with the two component disc and Sérsic models of DL13.

We can conclude from this that the inclusion of the separate disc component does not have

a large effect on the constrained quantities produced by NMAGIC. However, this may be

because of the low mass of the disc compared to the spheroid. DL13 found that for NGC

4244 the mass of the NSC was at least ten times that of the NCD. For NSCs that contain

more dominant NCDs the multi-component model may fit far better than a single component

model.

We have shown that the NSC could host a black hole with a mass upper limit of 5×

105 M⊙ as long as the mass-to-light ratio is ≤ 1.5, this agrees with the finding of DL13.

Moreover, the best fitting mass-to-light ratio for the NSC is M/LNSC ≃ 1.3, therefore, we

can conclude that is possible that the NSC hosts a central black hole with an upper limit of

5× 105 M⊙, which is only one order of magnitude away from being considered a SMBH.

As NGC 4244 is a bulgeless galaxy, hosting a black hole this massive would put it in a very

select group, but is also consistent with observations.
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We also find a negative vertical anisotropy (βz < 0) in the inner 1 arc second. This

result is similar to that found by DL13 for the multi-component model. Therefore, it might

be reasonable to assume that the multi-component nature of the NSC is not responsible for

this negative vertical anisotropy. DL13 also checked that this negative vertical anisotropy

was not a projection effect by modelling the NSC at different inclinations and still found

(βz < 0). This check would also be useful for our single component model.

5.1.1 Future work

Including kinematics in the model of M33

So far we have created models for M33 that only converge to the density distribution given

by the HST F814W band data. The natural progression would be to include the NIFS

integral-field kinematic data, in a similar way to the modelling of NGC 4244, as additional

observables to constrain the model. Figure 6.1 shows the symmetrized kinematic data for

M33.

Fig. 5.1 Symmetrized NIFS integral-field kinematic data of M33 within ±1 arcsec of the
centre. From right to left the maps show, line-of-sight velocity υ , line-of-sight velocity
dispersion σ and higher the order Gauss-Hermite moments h3 and h4.

After including the kinematic data we could measure the internal kinematics and the

vertical anisotropy. This would allow us to determine if the vertical anisotropy of NGC
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5.1 Single component models of NGC 4244

4244 is an effect of our modelling technique or if the NSC of NGC 4244 is in a special state

of its evolution. The addition of a black hole to our density models of M33 yields very little

information, however, adding a central black hole to models contained by both density and

kinematics could lead us to an upper limit on the black hole mass at the centre of M33.
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Appendix A

Spherical Harmonics

Spherical harmonics can be considered as the angular portion of the solution to Laplace’s

equation in spherical coordinates. A harmonic is a function f that satisfies Laplace’s equa-

tion

▽2 f = 0. (A.0.1)

The set of spherical harmonics functions is infinite and defined on a sphere, the basis func-

tions are defined as

ym
l (θ ,φ) =


√

2Km
l cos(mφ)Pm

l cos(θ), m≥ 0

√
2Km

l sin(−mφ)P−m
l cos(θ), m < 0.

where the set Km
l is the set of normalization constants

Km
l =

√
(2l +1)

4π

(l−|m|)!
(l + |m|)!

. (A.0.2)

Here l is a positive integer constant imposed by the Sturm-Liouville problem called the

degree, and m is the order associated with the Legendre polynomial Pm
l which ranges from

−l,−l +1, . . . , l−1, l. As the spherical harmonics lie on a circle we have that 0≤ θ ≤ π and
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0≤ φ ≤ 2π and represent the angular coordinates in a general spherical coordinate system.

It is important to note that

Y−m
l (θ ,φ) = (−1)mY m,∗

l (θ ,φ), (A.0.3)

where the asterisk denotes complex conjugation7. Spherical harmonics can be shown to be

orthonormal as

∫
π

θ=0

∫ 2π

φ=0
Y m

l (θ ,φ)Y m,∗
l (θ ,φ)sin(θ) dφ dθ = δklδnm (A.0.4)

where δi j is the Kronecker delta.

With this set of spherical harmonics we can write any function of position f (rrr) as

f (rrr) = f (r,θ ,φ) =
∞

∑
n=0

l

∑
m=−l

flm(r)Y m
l (θ ,φ). (A.0.5)

where r is the radius of the function of position f (rrr). By integrating, taking lim(n → ∞),

and using equation (A.0.3) we find

flm(r) =
∫

π

θ=0

∫ 2π

φ=0
f (r,θ ,φ)Y m,∗

l (θ ,φ)sin(θ) dφ dθ . (A.0.6)

We can write the first few spherical harmonics as

l = 0, Y 0
0 (θ ,φ) =

√
1

4π
,

l = 1



Y−1
1 (θ ,φ) =

√
3

4π
sin(φ)sin(θ),

Y 0
1 (θ ,φ) =

√
3

4π
cos(θ),

Y 1
1 (θ ,φ) =

√
3

4π
cos(φ)sin(θ),
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Spherical Harmonics

l = 2



Y−2
1 (θ ,φ) =

√
15
4π

sin(φ)cos(φ)sin2(θ),

Y−1
1 (θ ,φ) =

√
15
4π

sin(φ)sin(θ)cos(θ),

Y 0
1 (θ ,φ) =

√
5

16π
(3cos2(θ)−1),

Y−1
1 (θ ,φ) =

√
15
4π

cos(φ)sin(θ)cos(θ),

Y−2
1 (θ ,φ) =

√
15

16π
(cos2(φ)− sin2(φ))sin2(θ).
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